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Abstract: 

The different measurement techniques that interrogate biological 
systems provide 
means for monitoring the behaviour of virtually all cell components 
at different scales 

and from complementary angles. However data generated in these 
experiments are 
difficult to interpret. A first difficulty arises from high-dimensionality 
and inherent 
noise of such data. Organizing them into meaningful groups is then 
highly desirable 
to improve our knowledge of biological mechanisms. A more 
accurate picture can be 
obtained when accounting for dependencies between components 
(e.g. genes) under 
study. A second difficulty arises from the fact that biological 
experiments often 

produce missing values. When it is not ignored, the latter issue has 
been solved 
by imputing the expression matrix prior to applying traditional 
analysis methods. 
Although helpful, this practice can lead to unsound results. 
We propose in this paper a statistical methodology that integrates 
individual 
dependencies in a missing data framework. More explicitly, we 
present a clustering 
algorithm dealing with incomplete data in a Hidden Markov Random 
Field context. 

  
 

Mary Ann Liebert, Inc., 140 Huguenot Street, New Rochelle, NY 10801

Journal of Computational Biology



For Peer Review

 

 

Page 1 of 31

Mary Ann Liebert, Inc., 140 Huguenot Street, New Rochelle, NY 10801

Journal of Computational Biology

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

� � �������
	���
������ 
���������
���� ��� ��������� �"!��#���$��%"��� &'%
�(�

� %"����%)��� �*�����$��+,
���%-�.��� ����� �����#���/!��0��%)��� %"� 
 1 
���2.�3+

4 
�������� 56%-���"� 78�9
*� �$&:����2

;=<�>@?BADCECFAHG.>@IKJ�LNM(AOC a,1 P0Q IRCEC8M�?SAT<VU�?SW=J�ATX b,∗

a Y[Z0\]Y[^_\�`baEc�dfeg^0h iDdfjlk9mFnon.pFq"r#sod3h[t u/vNwyxfiDdzk/{o|8{8{~}���pE��cT�=Yljf�,�gdfw*��d�sod[�"k#��wypFc��ld
b �]�gxE��pF��`bdf��pF���g�fj�pEc�s����BpF����jf���g�fj$����x8��h�pEc�s.p8�(��`bd$\]\]Ylk=�]vb���
j��fvNwfcDk�^���d�wysodldfcDk(^��]�N�

� �b�9k��R��xF��h�pEc�s"k3���

���=�
�
�) D¡F�

¢9£O¤¦¥b§�¨�¤�©�¤�ªo«�¬�¤
­E®[¯D©�¤�¬�¤�ª~«�«�¤�°�£DªD§²±~¯O¤�®³«[£T­"«,§�ªo«�¤�©[©�´Eµo­"«�¤·¶D§²´E¸²´EµF§²°
­"¸]®[¹N®�«�¤�¬�®�ºD©�´-»~§²¥D¤
¬�¤
­"ªO®K¼�´E©K¬�´EªD§�«�´E©[§�ªDµ0«[£O¤(¶�¤�£T­
»~§²´E¯D©½´"¼b»N§�©[«[¯T­"¸�¸�¹3­"¸�¸~°�¤�¸�¸N°�´E¬³º�´EªO¤�ª~«�®½­"«½¥b§�¨R¤�©�¤�ª~«½®l°
­"¸²¤�®
­"ªO¥�¼�©�´E¬:°�´E¬³ºD¸²¤�¬�¤�ªo«l­"©[¹�­"ªDµF¸²¤�®
¾R¿ ´
À�¤�»8¤�©�¥O­"«l­*µ8¤�ªO¤�©l­"«�¤�¥Á§�ªÂ«[£O¤�®l¤�¤fÃbº�¤�©[§�¬�¤�ª~«�® ­"©�¤
¥b§�Ä*°�¯D¸�«$«�´�§�ª~«�¤�©[ºD©�¤�«
¾�Å_ÆO©�®[«0¥b§�Ä*°�¯D¸�«@¹Ç­"©[§²®�¤�®�¼�©�´E¬È£D§�µF£bÉS¥b§�¬�¤�ªO®[§²´EªT­"¸�§�«@¹Á­"ªO¥Â§�ªD£O¤�©�¤�ªo«
ªO´E§²®�¤ ´"¼=®[¯O°l£Ê¥O­"«l­b¾bË0©[µo­"ªD§�Ì�§�ªDµ³«[£O¤�¬Í§�ªo«�´Î¬�¤
­"ªD§�ªDµE¼�¯D¸RµF©�´E¯DºO®9§²®�«[£O¤�ª.£D§�µF£D¸�¹�¥D¤�®�§�©l­"¶D¸²¤
«�´3§�¬³ºD©�´
»8¤ ´E¯D©(ÏNªO´
À�¸²¤�¥bµ8¤ ´"¼R¶D§²´E¸²´EµF§²°
­"¸�¬�¤�°�£T­"ªD§²®�¬�®
¾~ÅÐ¬�´E©�¤ ­E°�°�¯D©l­"«�¤�ºD§²°�«[¯D©�¤ °
­"ª*¶R¤
´E¶D«l­"§�ªO¤�¥¦À�£O¤�ª�­E°�°�´E¯Dª~«[§�ªDµ�¼g´E©/¥D¤�ºR¤�ªO¥D¤�ªO°�§²¤�®]¶R¤�«SÀ/¤�¤�ª·°�´E¬³º�´EªO¤�ª~«�®�Ñ d
rÓÒor µ8¤�ªO¤�®fÔ�¯DªO¥D¤�©
®[«[¯O¥b¹8¾�ÅÕ®�¤�°�´EªO¥6¥b§�Ä*°�¯D¸�«@¹Ö­"©[§²®l¤�®.¼�©�´E¬×«[£O¤Ç¼B­E°�«Ê«[£T­"«Ê¶D§²´E¸²´EµF§²°
­"¸�¤fÃbº�¤�©[§�¬�¤�ª~«�®·´"¼�«�¤�ª
ºD©�´N¥b¯O°�¤·¬³§²®�®�§�ªDµ�»E­"¸�¯O¤�®-¾ ØÙ£O¤�ªH§�«*§²®³ªO´E«�§�µFªO´E©�¤�¥�Ú�«[£O¤Ê¸Û­"«[«�¤�©�§²®�®[¯O¤Ê£T­E®*¶�¤�¤�ªH®l´E¸�»8¤�¥
¶~¹Â§�¬³ºD¯D«[§�ªDµ·«[£O¤³¤fÃbºD©�¤�®�®[§²´Eª�¬*­"«[©[§�ÃÁºD©[§²´E©�«�´·­"ºDºD¸�¹N§�ªDµÊ«[©l­E¥b§�«[§²´EªT­"¸/­"ªT­"¸�¹b®[§²®$¬�¤�«[£O´~¥D®-¾
Å0¸�«[£O´E¯DµF£·£O¤�¸�ºb¼�¯D¸BÚD«[£D§²®]ºD©l­E°�«[§²°�¤�°
­"ª�¸²¤
­E¥Ê«�´,¯DªO®�´E¯DªO¥Ê©�¤�®[¯D¸�«�®-¾
Ø�¤ÁºD©�´EºR´F®�¤Á§�ªÜ«[£D§²®ÊºT­"ºR¤�©�­Ý®�«l­"«[§²®[«[§²°
­"¸�¬�¤�«[£O´~¥D´E¸²´EµF¹Ð«[£T­"«Ê§�ªo«�¤�µF©l­"«�¤�®�§�ªO¥b§�»~§²¥b¯T­"¸

¥D¤�ºR¤�ªO¥D¤�ªO°�§²¤�® §�ªÇ­³¬³§²®l®[§�ªDµ*¥O­"«l­�¼�©l­"¬�¤�À/´E©[Ï�¾�ÞÂ´E©�¤�¤fÃNºD¸�§²°�§�«[¸�¹8ÚTÀ�¤�ºD©�¤�®�¤�ªo«�­�°�¸�¯O®�«�¤�©[§�ªDµ
­"¸�µ8´E©[§�«[£D¬ ¥D¤
­"¸�§�ªDµÎÀ�§�«[£*§�ªO°�´E¬³ºD¸²¤�«�¤$¥O­"«l­�§�ª¦­�¿0§²¥D¥D¤�ª.ÞÁ­"©[Ï8´
»�ß ­"ªO¥D´E¬áà½§²¤�¸²¥*°�´Eª~«�¤fÃN«
¾

â�ã�ä@å�ã[æ�ç�è�é-êOë"ì³æBè[èíä�îÂèíïÎð~ïoêEã[ç�ñ)ò�ï
ó]ô(ï
ì3å#êDèSñNè�æ�ï
ç�ñ)ò#õ�æ�ï
ò�ï�öE÷ øFè�ù�ú�ïEû"ä�ì.ëOä�ã übýFý"þ

Page 2 of 31

Mary Ann Liebert, Inc., 140 Huguenot Street, New Rochelle, NY 10801

Journal of Computational Biology

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

¢9£D§²®½«l­E°�ÏN¸²¤�®½«[£O¤(¬³§²®l®[§�ªDµ0»F­"¸�¯O¤�§²®�®[¯O¤�§�ª,­�ºD©�´E¶T­"¶D§�¸�§²®[«[§²°�¼�©l­"¬�¤�À/´E©[ÏÎ­"ªO¥Î®[«[§�¸�¸D­"¸�¸²´
À]®#¯O®=«�´
©�¤�°�´EªO®[«[©[¯O°�«#¬³§²®�®�§�ªDµ0´E¶O®�¤�©[»F­"«[§²´EªO® p�ibx"j��Sdfwz�gxEwf� À�§�«[£O´E¯D«#§�¬³º�´F®[§�ªDµ�­"ªo¹3ºD©�¤fÉBºD©�´~°�¤�®�®�§�ªDµ ´"¼
«[£O¤�¥O­"«l­b¾Dÿ#ÃbºR¤�©[§�¬�¤�ªo«�®�´EªÊ®[¹Nªo«[£O¤�«[§²°�¥O­"«l­Î»F­"¸�§²¥O­"«�¤$«[£O¤$µo­"§�ªÊ§�ªÊ¯O®[§�ªDµ³´E¯D©�¬�¤�«[£O´N¥·­"ªO¥
©�¤
­"¸ ¶D§²´E¸²´EµF§²°
­"¸½¥O­"«l­�­"ªT­"¸�¹b®[§²®�ºD©�¤�®�¤�ª~«]§�«�®�ºR´E«�¤�ªo«[§Û­"¸K«�´³¤fÃb«[©l­E°�«]¶D§²´E¸²´EµF§²°
­"¸=Ï~ªO´-À�¸²¤�¥bµ8¤F¾

�,d ��� xEwysEj���� §²´E¸²´EµF§²°
­"¸K§�ªo«�¤�©l­E°�«[§²´EªÇªO¤�«SÀ�´E©[Ï	��
�¤�ªO¤�°�¸�¯O®[«�¤�©[§�ªDµ��TÞÁ­"©[Ï8´
»Êß0­"ªO¥D´E¬
à½§²¤�¸²¥
�OÞÇ¤
­"ª¦ÆT¤�¸²¥NÉB¸�§�Ï8¤�­"ºDºD©�´
ÃN§�¬*­"«[§²´Eª���Þ�§²®l®[§�ªDµ�¥O­"«l­b¾

� ������������������ !�"�

#%$'&�(*),+�-/.0)213.54�-/4	(7698:13.	+<;*=>&�(*1?.	@A&�BC-/4	.0),-'DEDF4�.	+�)71?-/.
&'6HG
&')2&I1?(J.�-�KL&>$'&�1?6?&�M	6?=
)2N
&'.	O�(E)7-�;*=<+�=<.0)PN	13@/NRQS)2N	;*-/4	@/N	T�4�)U)2=�+�N	.	13V54�=<(<WXKYN	-/63=ZQ[@/=<.	-�B\=](*=<V�4	=<.�+<=<(�^_@/=�.	=
=Z`RT	;*=<(7(*1?-/.E-/;a63-R+<&�6?13b>&')71?-/.c^�Bd&�(*(eQ[(7T"=<+�)7;7-/BC=�)7;*8U&�.
&�698R(*1?(�^5fZgih<j?k�lm-�Kn=�$/=�;<^o&')�T�;7=<(*=<.0)>^
)2N	=�(7=�+<-/BCT	6?=p`qG
&')2& &';7=EG	13rC+<4�63)s)2-C1?.0)7=<;7T�;7=�) M"=<+>&'4	(7=�-�Dt(*4	+�NuDF=>&o)24	;*=<(m&�(v)7N	=<13;
N	1?@�NRQiG	13B\=�.	(713-/.
&�6313)i8�^�)2N�=<1?;C1?.�N	=<;*=<.0)J.	-�1?(7=w-/;d=Z$/=�.xM	1y&�(�^z)7N	={&'M	(7=�.	+<={-'D|(*)�&'.RQ
G
&�;*G	1?b�=<G,;7=�T	;7=�(7=�.�)2&')213-/.ak"}U;7@/&�.	1?b�1?.	@�G
&')2&P1?.0)2-]BC=>&�.�1?.	@�DF4�6�(e)2;74�+�)24�;7=<(Y13(~N	1?@�N	638
G	=<(*1?;7&�M	6?=J&�(�&u�
;7(e)�(*)7=<T�1?.�4	.	(*4	T"=<;*$513(7=<G�=Z`RT	63-/;2&o)21?-�.I-�Dv)2N	=,6?&�;7@/=\.�4	BPM"=<;]-�D
@/=<.�=<(<kc�w-/(e)UM	13-/6?-�@/1?+<&�6cBC=<+�N
&'.	1?(*B\(v1?.0$/-�63$/=E@/;*-/4	T	13.	@/(Y-�D�@/=�.	=<(�^�@�=<.	=�T	;7-5G	4	+Z)2(
-/;�T�;7-�)7=<1?.�(|��f<j��0j�=�.	b�85BC=<(��n)7N
&')Y&'+�)s13.,&�+<-5-/;*G	1?.
&o)2=<GdBd&�.�.	=<;�k
�u&�.08\+<634	(*)7=<;713.	@
&�6?@�-/;719)2N	BC(YN
&>$/=]M"=<=<.�T�;7-/T"-/(7=�G�-�$/=<;U)7N	=P6?&�(*)HG	=<+<&�G	=P)2-dG	=<+�1?T	N	=�;H)2N�=PB\=�(7(7&�@/=
+<-/.0)2&�1?.	=�G\13.d�H�m#�B\13+<;7-/&�;7;7&�8�G
&')2&d�F(7=�= &|6?1?(e) 1?.�)2N�=v13.0)2;7-5G	4	+Z)213-/.�-�D���1?B�=�)�&�6Sk
�S�����0�/�7�pk �i.�T
&';*)213+<4	6?&�; ^>�z=�4	.	@|=�)z&�6�k	�����/������T	;*-/T�-�(7=<GC&|�|&�4	(*(71y&'.]B\1�`R)74	;7=nB\-5G	=�6
)2- )�&'+�O563=~)2N	13(�1?(*(74	='k/�sN	1?(�6?&')7)7=<;tBC=�)7N	-5G\&'.	G�Bd&�.08�-�)2N	=�;7(�N
&>$/=s)7N	=sG	;2&>KYM
&'+�O )2-

∗ � ´E©[©�¤�®[ºR´EªO¥b§�ªDµ.­"¯D«[£O´E©
¾
u/��pE��hKp8s8sFw[dzjzj�dzjp�X���/ /¡�¢>£'£/¢�¤!¥/ '¦>§5¨�©/¢�£�ª0¡�§o«R¡>¦o �¬/¢/­c¤!®o« Ñy¯F¯D¸�§²¤�«[«�¤ � ¸Û­"ªO°l£O¤�«zÔfÚ

° ¦>£o£'©5¡�¢>��ª�¥5¡�±�­o­a¤S¦0¨�¤F�'² Ñ�ÞÁ­"«[«[£D§²¤�¯�³ §�µFªO¤�®zÔf¾
1 ´ ©�¤�®l¤�ªo« ­E¥D¥b©�¤�®l®pµR¶�· à9ÚOà½¸�¯O¤�¸Û­E®[«[©l­E®�®l¤FÚ
¸�¸FÚR¹>º�»�¼�½�­�»8´F®n½ ´E©y¼[Ú5¶~À�§�«[Ì
¤�©[¸Û­"ªO¥

�

Page 3 of 31

Mary Ann Liebert, Inc., 140 Huguenot Street, New Rochelle, NY 10801

Journal of Computational Biology

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

+<-/.�(71?G�=<;v@/=<.	=EBC=>&�(*4	;7=�B\=�.�)7(v)7-\M"=E1?.	G	=�T�=�.	G	=�.�)<kclv=<.	+�=EKn=�T�;7-/T"-/(7=�Gu13.u&�T	;7=pQ
$51?-/4	(�T	4	M	631?+<&')213-/.¾�F¿U13@/.	=�(�&�.�G�À
-/;7M"=<(J�S���/�/�/�7��&�.I=p`5)2=<.�(71?-�.I-�D~)7N	1?(�&�T	T	;*-0&�+�N
)2-E&�+�+<-/4	.0)zDF-/;�1?.�G	13$51?G�4
&�6RDF=<&')24�;7=<(m�2f<j��0j�BC1?+�;7-0&�;*;2&>8�G
&')�&/��&'.	G�G	=<T"=<.	G�=<.	+�1?=<(nM�=pQ
)iK�=�=<.Á@/=<.�=<(�1?.Â&J4�.	13)7=<G{DF;2&'B\=ZK�-/;*OwM	&�(7=�GÁ-�.ÄÃUÅ!Æ0Æ5fZÇÂÈÂÉ�Ê2Ë0ÌoÍCÎ~É�Ç"Æ5ÌoÏÑÐ�ÅSfZÒ9ÆoÓ
��lH�uÔmÀt�Zk

#H636 +�6?4	(e)2=�;71?.�@�BC=�)2N�-RG	( &�M"-�$�= 4	(*=�&EDF4�6?6�Bd&o)2;71�`�-�D�=p`RT	;7=�(7(713-/.,G
&')2&P&�(n&�.J13.	T	4�)<k
#H.J4�.�DF-/;*)74	.
&')7=vDF=<&')24�;7=H-'DaBC1?+<;*-0&�;*;2&>8]=Z`RT"=<;*1?BC=<.0)2(�&�.	Gd-')2N	=�;�N	13@/NRQ[)7N	;7-�4	@/N	T	4R)
)2=�+�N	.	-/63-/@/1?=�(�13(�)2N	&')�)7N	=�8Õ-�DÖ)2=�.�T	;7-5G	4	+�=JBP4	69)213T	6?=�BC1?(7(*1?.	@q$'&�6?4�=<(q���w+>×X&�+�N	6?&�.
=�)m&�6�k��S�'�/��Ø��*�Zk
��-/(*)v-�D�)2N	=�)71?BC=�^R)7N	=<(*=�BC1?(*(713.	@P=<.0)7;71?=�(v&�T	T"=>&�;YM"=<+>&'4	(7=|-�D�$'&�;71�Q
-/4	(v=Z`RT"=<;713B\=�.0)�&�6�13(7(74�=<(]�F��;*-�80&�.	(*Oo&�8/&d=�)H&�6�kX�S���������Z^	Ù�-d=Z)H&'6Sk��S�'�/��Ø��*�ZW	G	4�(*)m-/;
(7+�;2&')7+�N	=<(s-/.\)2N	=m(76?13G	=�^�+�-/;7;*4	T�)2=�G,1?B\&�@/=�(<^0G	19r\+�4	63)71?=�(n13.dBC=>&�(*4	;713.	@�Ú
4�-/;7=�(7+<=�.	+<=
1?.0)2=�.	(719)i8/^�(e8R(e)2=�Bd&')71?+�=<;*;7-/;�-'Dn)7N	=�;7-/M"-�)�)2N	&')|G	;7-�T	(�)2N	=�T	;*-/M�=�(<^XT	;*-/M	6?=�BÛKY19)2N
T	;7=�+<13(7=|@/=<.�=E(*T�-')7)213.	@�-/.,)2N	=E&�;*;2&>8/k9k9k

#Ü+�-/BCB\-/.CT	;7&�+�)71?+<=~Ý�h7ÉoÓ�fHÆ5fZÒ?fZg!ÅSÌoÇ'Ý]13(z)7-�;*=<BC-�$�=m@�=<.	=�(~&�.	G
Þ'-/;n&�;7;7&�85(zDF;7-/Bß)7N	=
&�.
&�6985(71?(�)2-�=<.	G,4	TJKY19)2Nd&�DF4	6?6980Qi-/M	(*=<;e$/=<G,B\&')7;719`]-/.dKYN	13+�N,+<6y&'(7(713+>&�6�&�T	T�;7-0&�+�N�=<(
+>&�.AM"=q&�T	T	631?=�Gaktlv-�Kn=�$�=<;�)2N	13(]&�T	T�;7-0&�+�NA+<&�.¾63-/(7=d1?BCT�-/;e)�&�.0)�1?.�DF-/;*Bd&o)21?-�.akXàmT
)2-

90%
-�Dt@/=<.	=�(��!;*-�KY(��v-�;m=p`�T"=<;*1?BC=<.0)�&'6�+�-/.	G	19)21?-�.	(��!+<-�6?4	BC.	(��s+>&'.uM"=P&'á�=<+Z)2=<G

�S}U4�8/&�.	@q=�)�&�6�kt�����/��Ø��*�Zk��[)|+>&�.Õ&�6?(*-,+<-/.�+<=>&'6t1?.0)2=�;2&�+Z)213-/.	(�1?.Â&J.�=�)iKn-/;7O�kX#H.Á&�6�Q
)2=�;7.
&')713$�=H&�T�T	;7-0&'+�Nd1?(�)2-E;7=�T	6y&'+<=Y)2N	=vB\13(7(*1?.	@�$'&�6?4�=<(zM�8Cb�=<;7-�(n-/;zM08C+<-/634	B\.
Þ';7-�K
B\=<&�.	(�ksâR4	+�N�&I.
&'13$/={�	6?6?13.	@'Q[1?.A(*)7;2&')7=<@�8¾1?(,&IT	&�;*)71?+<4�6y&�;C+>&�(*=�-�D]ÓZÅÖÇ5��Ò?fwÅÖÏHã"äRå
g[É�g!ÅSÌoÇ
k��[)P1?(�O�.	-�KY.A)7-u+<&�4	(7=,(*T	4	;*1?-/4	(�=<(e)21?B\&')71?-/.Á-�DY(74�B\B\&�;*8Â(e)�&')71?(e)21?+�(<k��sN	=
(74	M�(7=<V�4	=�.0)�+<634	(*)7=<;713.	@];7=�(74	69)2(Y+>&'.wM"=|B\13(76?=<&�G	13.	@q��×�19)7)263=U&�.�GuÔY4	M	13.Ä�����/�0���7�Zk

âR=�$�=<;7&�6�BC-/;*=�(*-/T	N	13(*)213+>&')7=<G�B\=Z)2N	-5G	(vN
&>$/=�M�=�=<.{T	;*-/T"-/(7=�Gu(713.	+<=E)2N	=ET	13-/.	=<=�;713.	@
K�-�;7OÄ-'DY��;*-�8/&�.	(*O'&>8/&Â=Z)�&�6�k~�����/�����pk��w-/(*)P-�DY)2N	=�BæT	;*-/T"-/(7=J(*1?.	@�6?=C1?BCT	4�)�&o)21?-�.
B\=Z)2N	-5G	(s)2-C)2;7&�.	(*DF-�;7Bç)7N	=�G	&')�&�Bd&o)2;71�`,13.�)7-d&]DF4	636aBd&o)2;71�`q&�(v.	=�=<G	=�G{M08w(*4	M	(*=ZQ
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V�4	=<.0)P+�6y&�(*(713+>&�6�(e)�&')71?(*)71?+<&�6�&�.
&�6985(71?(\�F(7=<=C��;7-�80&�.�(7Oo&>80&{=�)�&�6�kz�S���/�R���Z^X}UM
&�=�)�&�6Sk
�S����� è �Z^_Ù�-Á=�)C&�6�ks�S�'�/��Ø��p^�}U4�80&�.�@Õ=Z)C&�6Sk~�S���/�'Ø��Zk9k3ké�Zk��w-/;7=q;*=<+<=�.0)2638�^�T	;7-�B\13(71?.�@
&�T	T	;*-0&�+�N	=�(PB\&�O�=\4	(7=J-'DYBP4	63)71?T	63=]1?BCT	4�)2&')213-/.¾�SâR=�N	@0&�6n=�)]&'6Skn�S�����0ê/�7��-/;E13)7=<;2&�Q
)219$/=�&�63)7=<;*.
&')2=,M�6?=<.�G	=<G�+<634	(*)7=<;713.	@Á&�.	G�B\13(7(*1?.	@{$'&�634	=<(]=�(*)213Bd&o)21?-�.�����1?Bæ=�)\&�6Sk
�S�����0�/�7�pk	lv4,=�)v&�6�k��S�'�/�/ë0��T	;7-/T"-/(*=<G,)2-�1?BCT	;*-�$�=U+<6?&�(7(*1?+<&�6c=�(*)213Bd&o)21?-�.dT	;*-R+�=<G	4	;*=<(
M08J1?.�+<-/;*T�-/;7&')213.	@P&P6?&�;7@�=U;7=ZDF=<;7=�.	+<=|BC1?+�;7-0&�;*;2&>8CG
&')2&�(7=Z)~)2-]G	=Z�
.	=E&P@/=�.	=<;7&�6a+<-�.RQ
)2=p`R)�DF-�;U=>&�+�NÁ@/=�.	=�k��v=�$�=<;*)7N	=<63=<(*(<^X.	-/.	=�-�D�)7N	=<(*=\&'T	T	;7-/&�+�N	=<(�)2&�O�=]13.�)7-q&�+<+�-/4	.0)
;7=�6y&')71?-/.	(*N	1?T�(~1?BCT�-�(7=<GqM08J)7N	=|M	1?-/63-/@/13+>&�6�(*85(e)2=<BìM"=�)iKn=<=�.u@/=�.	=<(�k

í =vT	;*-/T�-�(7=Y)2-�)2&�+�O�6?= M�-')2NC1?(7(*4	=<(n-�Da+�6?4	(e)2=�;71?.�@�&�.�GdBC1?(7(*1?.	@|G
&o)�&|1?BCT	4�)�&o)21?-�.]1?.
& (*)�&o)21?(e)213+>&�6�DF;2&�BC=�Kn-/;7O�k ��-q-/4	;�O�.	-�KY6?=�G	@/='^a)2N	=�(7=])iK�-�1?(*(74	=�(|N
&>$/=�.	=�$�=<;EM�=�=<.
)�&�+�O�63=<G�(71?BC-/4	69)�&�.�=<-/4	(*638CDF-/;sG	=�T�=�.	G	=<.0)HG
&')�&Rk	�sN	=E+<6?4�(*)2=�;713.	@�B\=Z)2N	-5G	-/63-/@�8\N
&�(
&�6?;*=>&�GR8uM"=<=�.ÁT�;7=<(*=<.0)2=�G 13.Â&JT	;7=Z$R13-/4	(UKn-/;7O���Ù�6?&�.	+�N	=Z)E&�.	G{¿U13@/.	=�(C�S���/�/�/�7�pk �i.
)2N	13(�T
&�T"=<;<^�19)2(�=�rC+<13=<.	+Z8C1?(zN	1?@/N�6?1?@�N�)7=<G]-/.C$'&�;713=<GCG
&')�&'(7=�)7(<k5�sN	=vB\=Z)2N	-5G	-/63-/@�8P13(
&�6?(*-P=Z`RT
&'.	G	=<Gq)2-�)2N	=�13B\T"-/;*)2&�.0)�13(7(*4	=U-�D�BC1?(7(*1?.	@E$'&�6?4	=m;7=�+<-/.	(e)2;*4	+�)71?-/.ak �i.	(*)7=>&�G
-�D~13B\T�4�)213.	@J$'&�6?4	=�(|T	;713-/;�)2-q)2N	=C&�.
&'6385(713(<^�-/4	;|13.�)7=<@/;7&')2=�GI&�T�T	;7-0&'+�NÕB\&�O�=�(E)7N	=
M�=�(*)z4	(*=s-�D�)7N	=s(*)2&')213(*)71?+>&'6RDF;2&'B\=ZK�-/;*O�Kn=Y+<-/.	(*1?G	=�;<k0î�(e)21?B\&')71?-/.P-'DcBC1?(*(71?.�@H$'&�6?4	=�(
1?( B\&�G	=CÉ�ã
Ì�ÓZgïfZÊpÅSÌoÊpÅ ^�M
&'(7=<G�-/.,)2N�=�.	=�)iKn-/;7O�^
)2N�=�-/M	(7=�;*$�=<Gu13.	G	19$R13G	4
&�6"G
&')2&�&�.	G
)2N	=�+�6?4	(e)2=�;71?.�@CT	&')7)7=<;7.ck í =|&';7=�N	=�.	+<=E&�M	63=UM"-�)2N,)2-�V�4
&�.0)713)�&o)213$�=<698d+�-/B\T	&�;7=H)7N	=
V�4
&�6?19)i8Ä-'DmBC1?(*(713.	@{G
&')2&�=<(*)71?B\&')213-/.	(�&�.	G�)2-Á&�(*(7=�(7(])2N	=,M�1?-/63-/@/1?+<&�6�(713@/.	13�	+>&�.	+�=
-�Ds-/4�;�;*=<(74�63)2(E1?.Õ;7=�@0&�;7G�(�-�Ds&�T	T	;*-0&�+�N	=�(P+<19)2=<GÄ&�M"-�$�=�k_�|19$/=�.Õ)2N�=\N�4	@/=d&�BC-/4	.0)
-�Dz(74	+�NÕ&�63@/-/;719)2N	BC(<^
Kn=P)2=�(*)2=�GÄ&'6?@/-/;*13)7N	B\(Y;*=<T"-/;*)7=<G�)2-JKn-/;7OwK�=�6?6s�!Ù�;7-5+�Ou=Z)E&�6Sk
�S�����/ð0�7�~&'.	GwDF-/;sKYN	13+�NwKn=�Kn=<;*=P&�M	63=�)2-C;7=�)7;713=�$/=|)2N�=�+�-/;7;*=<(7T"-/.	G�1?.	@\&�6?@�-/;719)2N	BC(<k

í =]=�B\T�N
&�(713b<=P)7N
&')|-/4	;�BC-5G	=<6�+>&�.ÂM"=]4	(7=ZDF4	6�1?.Â&,@/;*=>&')|;7&�.	@/=P-'D~&�T�T	6?13+>&')71?-/.	(
DF-/;t+�6?4	(e)2=<;*1?.	@�M�1?-/63-/@/1?+<&�60=<.0)713)213=<(�-�D"13.�)7=<;*=<(*)�(*4	+�N\&�(�@/=<.�=<(<^�T	;7-�)7=<13.	(<^/BC=�)2&�M"-/6?19)2=<(
1?.�T�-�(*)*Q[@/=<.�-/B\13+<(Y(*)74	G	13=<(<k��[)m;7=�V54�1?;7=�(H13.	G	13$513G	4
&�6aT"-/(*(71?M�638,13.	+<-/BCT	63=�)2=|BC=>&�(*4	;7=pQ
B\=�.0)2(�)�&�O'=<.J-/.�)2N�=<(7=m=<.0)219)213=<(�;7=�6y&')7=<GCM�8\&|;7=�6?=�$'&�.0)n1?.0)2=�;2&�+Z)213-/.�.	=�)iKn-/;7O�kRlm=�.	+<=
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-/4	;sBC=�)7N	-RGq13(s.	=<19)2N	=�;v-�;7@0&�.�1?(7B]Q�.�-/;YG
&')�&�Qi(7T"=<+�13�
+'k

�sN	=vT	;7=�(7=<.0)sT	&�T�=�;�1?(�-/;7@/&�.	1?b�=<G &�(�DF-/6?63-�KY(�W�)2N�=m(e)�&')71?(*)71?+<&�6	BC-RG	=�6 1?( T	;*=<(7=�.0)2=<Gd1?.
âR=<+Z)213-/.,�UKY13)7N\)2N�=Hîz�qQ[6?1?O'=Y=<(*)71?B\&')213-/.�T	;7-5+<=�G	4	;*=�^0)2N	=v+<6?&�(7(*13�
+<&')213-/.�DF;2&�BC=�Kn-/;7O
&�.	G�)2N	=|;7=�+<-/.�(*)2;*4	+�)71?-/.w-�DtBC1?(*(713.	@�-/M	(7=�;*$'&')71?-/.	(�k
�[)HT�;7-�$51?G	=�(PÉEã
Ì�ÓZgifZÊpÅSÌoÊZÅ�T	;7-�MRQ
&�M	136?13)71?=�(v-'Dn=�.0)213)i8���f<j��0ja@/=�.	=��H+�6y&�(*(713�	+>&')71?-/.w@/13$�=<.�)2N	=]-�M	(7=�;*$/=�GÕG	&')�&�k��sN	1?(H+>&�.
M�=s(*=<=�.J&�(�&�+<-�.��
G	=�.	+<=vB\=<&�(74�;7=s-�D�&�(*(71?@�.	B\=�.0)>k0î_`RT�=�;713B\=�.�)7(�-/.�(*85.0)2N	=Z)21?+YG
&o)�&
&�;7=E;7=�T�-�;*)2=�Gu13.{âR=�+�)71?-/. è KYN	136?=|;7=�(74	69)2(v-/.u;*=>&�6�8/=<&�(*)H+<=�6?69Q[+�85+<63=|G
&')�&�+<-�BPM	1?.�=<G
KY13)7Nw&].	=Z)iK�-�;7Oq-�D�1?.0)2=�;2&�+Z)21?.�@]T	;7-�)7=<13.	(Y&�;7=|T	;*=<(*=<.0)2=�G{1?.�âR=�+�)71?-/.�Ø	k

ñ òôó	��õ��RöX Fó
�Û÷Ä���XøRù,ú[���Ü�0ù���û���ø��o !��üýó	���% !÷Äþ��X�>ó��� F���çÿ\ Ö���ì÷I !û>û> !��ü
�Xó���ó

� j�� ÈÁÌ<Æ5fZÒ

�i.JKYN
&')~DF-�6?6?-�KY(�^�Kn=�&�(*(74	BC=H)7N
&')�$'&�634	=<(~&�;7=|È{Å?Ó�ÓZÅÖÇ5���Hg_ÎsÉ�Ç"Æ5ÌoÏL�S��#UÔ|^�×�13)*)263=
&�.	GxÔY4	M	13. �S�'�/�0�/�*�Zk �sN	=uD!&�+Z)d)7N
&'),&ÕG
&')24�B 13(dBC1?(*(71?.�@Õ13(d.	-�)d;7=�6y&')7=<G¾)7-I13)7(
&�+�)74
&�6�4	.�-/M	(7=�;*$�=<GÄ$'&�634	=�ka# T
&';*)213+<4	6?&�;H+<&�(7=C-�D~�w#UÔý13(UKYN	=<.Á)2N	=�BC1?(*(71?.�@/.	=<(*(
T	;7-5+<=�(7(nG	-R=�(�.	-�)nG	=<T"=<.	Gd&')n&�6?6
-�.C)7N	=mG	&')�&�^�&'(�DF-�;z=p`�&�B\T�6?=sKYN	=<.J&EG	4�(*)n-/.C)7N	=
(7631?G	=sT	;*-RG�4	+<=�(nBC1?(*(71?.�@U$�&'6?4	=�(<k �U&')2&|&�;7=s)2N�=<.C(2&�13GC)7-EM"=UÈ{Å?Ó�ÓZÅÖÇ5���nÌoÏHã"Ò?fZgifZÒ
	��Hg
Î~É�Ç"Æ5ÌoÏ ���
��#UÔ|^/×�13)*)263=�&�.�G�Ôv4	M�1?.q�����/�0�/�*�Zk #H.�&'G�$'&�.0)�&�@/=�-�D��w#UÔ�N08RT"-�)7N	=<(*1?(
1?(a)7N
&')XB\&o`R1?BP4	B�6?13O�=�6?1?N�-R-5GH+<&�.�M"=�=<(e)213Bd&')7=<G|1?.�G	=<T"=<.	G�=<.0)2698�-/.�)2N	=�BC1?(*(71?.�@/.	=<(*(
T	;7-5+<=�(7( ��×�19)7)263=U&�.�GwÔY4	M	13.Á�S�����0�/�7�pk��i.q;7=<&�6�&�T�T	6?13+>&')71?-/.	(�^0)2N	=E�w#HÔ &�(*(74	BCT�)213-/.
B\13@/N0)�.�-�)~M"=m)7;74	=�&'(~;7=�@0&�;7G�(n)2N�=UT	N	=�.	-/BC=<.	-/.,@�=<.	=�;2&')71?.	@�B\13(7(713.	@�$'&�634	=<(�k���4�(*)
)2N	13.	OH-'DR+�=<.	(*-/;7(*N	1?TE1?(*(74	=�(XG	4	=t)2-YB\&�+�N	13.	=t6?13B\19)2("-�D5G	=�)7=<+Z)21?-�.ak��U&')2&Y&�;7=t)7N	=<.|(2&'1?G
)2-EM�=��EÌog�È{Å?Ó�ÓZÅÖÇ5���Hg�ÎsÉ�Ç"Æ5ÌoÏ �!�U�w#HÔH�pk5�w=�)7N	-5G	(�M
&'(7=<G\-/.,��#UÔx&�(*(74	BCT�)213-/.
+>&�.¾N	-�K�=Z$/=�;,T	;7-5G	4	+�=w(7&')213(*D!&�+Z)2-/;e8A;7=<(*4	63)7(d19DU-/M	(*=<;e$/=<G:$'&�634	=<(C+<-�.�)2&�1?.�=<.�-/4	@/N
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1?.�DF-�;7B\&')213-/.])2-PT	;*=<G	13+�)�B\13(7(713.	@�$'&�634	=<(zKY13)7N,&�6?13O�=�6?1?N�-R-5Gd&'T	T	;7-/&�+�Nak�âR1?BP4�6y&')71?-/.	(
1?.JâR=<+Z)21?-�. è (*N	-�K�)7N
&')n1?.�DF=�;7=�.	+<=�(~Bd&'G	=mM08\-/4	;zB\-5G	=�6"4�.	G	=<;s�w#UÔ &�(*(74	BCT�)213-/.
6?=<&�G,)2-�(2&')71?(eD!&�+�)7-/;*8d;7=<(*4	63)7(Y=�$/=�.u-/.w�U��#UÔ G
&')2&�k

í =ÂT	;*=<(*=<.0)u13.x)2N	13(�(*=<+Z)21?-�.Ü&A(*)2&')213(*)71?+>&'6HBC-RG	=�6HDF-/;,+�6?4	(e)2=<;*1?.	@�&�.�GÜ13B\T	4R)21?.�@
1?.	+�-/BCT	6?=Z)2=UG	=�T�=�.	G	=�.�)mG
&')2&�k í =|;7=ZDF=<;~)2-])7N	=�=<.0)219)213=<(s-�D�1?.0)2=�;7=�(*)��!T�19`R=<63(s1?.�âR=�+ZQ
)213-/. è ^n@/=�.	=<(\1?.:âR=<+Z)21?-�. Ø��C&�(qÓZÅÖgif�ÓZ^�KYN	1?+�N Kn={&'(7(74�B\=�)2-ÄM"=u13. 13.�)7=<;7&�+�)71?-/.ak
�sN	=<(*={1?.0)7=<;2&'+�)213-/.	(C+>&�. M�=�G	4	=�)2-Ä(*T
&')71y&�6YT	;*-�`R13B\19)i8A&�(\DF-�;C)7N	=wT�19`R=<6v1?B\&�@/=�(
-�D~âR=<+Z)21?-�. è ^�-�;EG�4	=])2-�M	1?-/63-/@/13+>&�6�;7=�6y&')71?-/.	(*N	1?T�(�&�(�DF-/;U)2N�=\@/=�.	=<(E-�D~âR=<+Z)213-/.ÕØ�k

í =]DF4	;e)2N	=�;�&'(7(74�B\=])2N	&')E=Z`RT�=�;713B\=�.�)7(�+�-/.	G	4�+�)2=�GÄ-/.Â)2N�=<(7=\(719)2=<(|+�;7=>&o)2=C1?.	+�-/B�Q
T	6?=Z)2=CG
&')2&�k í =CG	=�.	-�)2= S )2N	=C(7=Z)P-�D N (713)7=<(�&�.	G

x = {xi ∈ RD}
)2N	=

N × D
Bd&o)2;71�`Á-�Ds-/M�(7=<;e$'&')213-/.	(<^�DF-/;|KYN	1?+�N�(*-/B\=\=<.0)2;*1?=�(]&�;7=\B\13(7(*1?.	@	kXÀ
-/;�=>&�+�N

i ∈ S ^
K�={KY;*13)7=

oi ⊂ J1, DK )2N	=�13.	G	1?+�=<(J+�-/;7;*=<(*T�-/.�G	1?.	@I)7-I)2N	=u-/M	(7=�;*$�=<GÜ$'&�634	=<(
xid

&�.	G
mi

)2N	=P+�-/BCT	6?=�B\=�.�)2&�;*8q13.	G	13+<=<(vDF-/;vB\13(7(713.	@\$'&�634	=<(P�
oi ∪mi = J1, DK �Zk í =

(7N
&'6?6vG	=<.	-')2=
xoii = {xid, d ∈ oi}

)2N�=u$/=�+�)2-�;J-�D|-/M	(*=<;e$/=<G G
&o)�&I&')\(719)2=
i
^

xmii = {xid, d ∈ mi}
)7N	=s$/=<+Z)2-/;�-�D�BC1?(7(*1?.	@HG
&')�&|&')�(*13)7=

i
^
xo = {xoii , i ∈ S}

)2N	=�(*=�)E-�Dn-/M	(7=�;*$�=<GIG
&o)�&q&�.	G
xm = {xmii , i ∈ S} )2N	=�(7=Z)E-�D�BC1?(*(713.	@,G
&')2&�k

í =�&'G	G	;7=�(7(�)2N�=]1?(7(*4	=]-�Dz+<634	(*)7=<;*1?.	@�Å!j!f<jaG	13(*)213.	@/4	13(7N	13.	@dBC=>&'.	1?.	@'DF4	6�@�;7-/4	T�(�1?.Â&
G
&')2&�(7=Z)>k5�i.d-�)7N	=<;�K�-�;7G	(�^R=<&�+�NJ(719)2=

i ∈ S N
&�(�)2-�M"=m&�(7(*1?@/.	=�GJ-/.	=v-�D�)2N	= K 6y&�M"=<63(

zi ∈ J1, KK
k5�H=�T�=�.	G	=�.	+<13=<(~M"=�)iKn=<=�.�(*13)7=<(n&�;7=vBd&'1?.0)�&�13.	=<G�M08\&�.\1?.0)2=�;2&�+Z)21?-�.\.	=Z)*Q

K�-�;7OJG	=Z�
.	13.	@C&P.	=<13@/N�M�-/4�;7N	-5-RG,(e)2;*4	+�)74	;7='k"�sN�=�B\-5G	=<6�K�=|+<-�.	(713G	=<;s13(Y&\ÃUÅ!Æ0Æ5fZÇ
ÈÂÉ�Ê2Ë0ÌoÍ|ÎsÉ�Ç"Æ5ÌoÏ Ð�ÅSfZÒ9Æ��!lU�uÔvÀ��Z^RB\=<&�.	13.	@�)7N
&')�)7N	=�N	13G	G	=<.d6y&�M"=<63(��!-�;�+<634	(*)7=<;*(��
DF-/6?63-�K &d�u&�;7O'-�$uÔv&�.	G�-/BÑÀ_13=<6?GqG	13(*)7;71?M�4�)213-/.ak	�sN	13(m13(s)2N	=�@/=<.	=�;2&�631?b<&')213-/.,-�D_)7N	=
-/.	=pQiG	13B\=�.	(713-/.
&�6nÃHÅ!Æ0Æ5fZÇÄÈ�É�Ê�Ë0ÌoÍ�����É�ÅÖÇ�Ó{�!&�6?(*-w;*=�DF=<;*;7=�GÕ)2-u&�(�lm1?G�G	=<.Ä�u&�;*O�-�$
�w-5G	=<63(<^
lH�{�{��)2-�N	13@/N	=<;�G	1?BC=<.	(*1?-/.�(<^�.�=<=<G�=<Gw)7-�G	=>&�6�KY13)2N�&]@/;7&�T	Nq-�D�1?.0)2=�;2&�+pQ
)213-/.	(<k��i.�)7N	1?(sT
&'T�=�;<^	Kn=�;*=<(*)7;713+�)s)2-])7N	=�KY1?G	=�6380Qi4	(*=<G���-�)*)2(YBC-RG	=�6cDF-/;~KYN	13+�N�)7N	=
� -/1?.0)m�u&';7O�-�$51y&'.Ä�F-/;m�|13M	M	(2��G	1?(e)2;713M	4�)71?-/.J-'D_6?&�M�=�6?(

Z = {Zi, i ∈ S}
1?(�W

ë
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PG(z) = W−1 exp(β
∑

i∼j
1zi=zj)

�ï���

KYN	=<;*=
i ∼ j

G	=<.�-�)2=�(H.	=�1?@/N�M"-/4	;7(m(719)2=<(v1?.�)2N	=E.	=Z)iK�-/;*OI�ïÅ!j!f<j�6?13.	O�=�GuM08w&�.u=�G	@/=>�Zk
�m-�)7=H)2N	&')~)2N�=UG	1?(e)2;*1?M	4�)71?-/.

PG(z)
&�M"-�$/=�G	=�T�=�.	G	(s-/.q&P(*1?.	@�6?=HT	&�;2&�BC=�)7=<;

β
+�-/.RQ

)2;*-/6?631?.	@d)7N	=���(7BC-R-')2N	.	=�(7(���-�Dn)2N	=C+<6?&�(7(*13�
+<&')213-/.aW")2N	=CN	1?@�N	=<;
β
^a)2N	=�BC-/;7=�631?O�=�638

)iK�-C.	=�1?@/N�M"-/4	;713.	@](719)2=�(m&';7=�)2-�M"=�&'(7(713@/.	=�Gq)7-C)7N	=|(2&�BC=�+<634	(*)7=<;�k

í =Á=�$�=<.0)24	&�6?698�&�(7(*4	B\=Â)2N	&')uG	&')�&�&�;7=Á1?.�G	=<T"=<.	G�=<.0){+�-/.	G	19)21?-�.
&�6?698�-/. +�6y&�(*(7=<(�^
)2N	13(,1?(J)7-�(2&>8x)2N
&o)

P (x|z) =
∏
i∈S P (xi|zi)

k~�i. )2N	13(,T
&�T"=<;�^~+<6?&�(7(ïQiG	=�T�=�.	G	=<.0)
G	1?(e)2;*1?M	4�)71?-/.�(s&�;7=|+�-/.	(713G	=<;*=<Gq)2-�M"=��|&�4	(*(71?&�.aW

P (.|Zi = k) ∼ N (µk,Σk)
k

� j � � É�Ê*É�ÏdfZgïfZÊPf�ÓZg!ÅÖÏCÉ�g�ÅSÌoÇ

À
-/;s(2&�O'=�-�D_+<6?&�;719)i8/^�Kn=�G�=<.	-�)7=
θk = (µk,Σk)

)2N	=ET
&�;7&�B\=Z)2=�;7(Y-�D_)7N	=
k
QS)2Nu�E&�4�(eQ

(71?&�.]G	1?(e)2;*1?M	4�)71?-/.ck'�sN	=Y(*1?.	@/63=~T
&�;7&�BC=�)2=�;t-�D�)2N�=���-�)7)7(�G	1?(e)2;*1?M	4�)71?-/.�1?(<^�&�(�1?.]=�V�4
&oQ
)213-/.w�e���p^0G	=<.	-')2=<G\M08

β
k í 19)2N	-/4R)mÉHã"ÊpÅSÌoÊpÅ_O�.	-�KY63=<G	@/='^0)2N	=YDF4	6?6�(7=�)n-�DcT
&�;2&'B\=Z)2=<;*(

Ψ = (θ1, · · · , θK , β)
1?(s4	.�O5.�-�KY.{&�.	GqN
&�(s)2-�M"=|=<(*)71?B\&')2=�Gak

�sN	=vB\=Z)2N	-5G]K�=vT	;7-�T�-/(*=Y1?(z&EB\&o`R1?B�4	B�631?O'=<6?13N	-5-RGRQ[M
&�(*=<G]&�T�T	;7-0&'+�Nak��sN	=YT	;713.	+<1�Q
T	6?=H1?(�)7-]+�N	-R-�(7=U)2N�=UB\-�(*)s631?O�=�638CT
&�;7&�BC=�)2=�;7(

Ψ
DF-/;n)2N	=�-/M�(7=<;e$/=�GwG
&o)�&�k�Ù~&>8/=<(*1y&�.

)2=�+�N	.	1?V�4	=�(_Kn-/4	6?G�-�á�=<;�&�.P&�69)2=�;7.
&')713$�=�K�&>8|)2-HG�;2&>K�1?.RDF=<;7=�.	+<=zDF;7-/BÜ)2N	=n6?1?O'=<631?N	-5-RG
DF4	.	+Z)21?-�.akYâR4	+�N�BC=�)2N�-RG	(q&';7=�.	-�)q+�-/.	(*1?G	=�;7=<G N	=�;7='k í =Â4	(*=Â)7N	=Âî_`RT�=�+�)�&o)21?-�.RQ
�u&o`R1?BC1?(7&')213-/. �!în�u��&'6?@/-/;*13)7N	B ���H=�B\T	(e)2=�;\=Z)C&�6SkY�ï���0�/���7�Zk�#~)C13)2=�;2&')71?-/.

(q)
^�&

+<4	;*;7=�.�)~=<(*)71?B\&')2=
Ψ(q−1)

13(�&>$'&�1?6?&�M	63=m&'.	Gd)2N�=U&�63@/-/;719)2N	BßBd&o`R13B\13b<=<(�)7N	=mDF4	.�+�)213-/.

Q
G	=Z�
.	=<Gc^"13.�&�BC1?(*(713.	@]G
&')2&]DF;7&�BC=�Kn-/;7O�^
&�(�W

Q(Ψ|Ψ(q−1))≡E[log P (xo,Xm,Z|Ψ)|xo,Ψ(q−1)]
���/�

)2-Õ@/=�)\4	T"G
&')2=�G
Ψ(q)

k �[)d13(CKn-/;e)2N:(e)2;7=�(7(*1?.	@Ä)7N
&')\=Z`RT"=<+�)2&')213-/. 13. =�V54	&')213-/.ô���/�

�
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1?(�.	-�)C-/.�638I)2&�O�=�. -�$/=�;d4	.	O�.	-�KY.:6?&�M"=<6?(
Z
��&'(C13.�)7N	=�+<6y&'(7(713+>&�6~DF4�6?6380Q[-/M	(7=�;*$�=<G

G
&')2&q+<&�(7=>�Z^XM	4�)�&�63(7-,-�$/=�;�BC1?(*(713.	@J$'&�6?4	=�(
Xm k #H.Õîn� &�63@/-/;719)2N	BÑKY19)2NÁ1?.	+�-/B�Q

T	6?=Z)2=,G
&o)�&�N
&�(�&�63;7=<&�G�8ÕM�=�=<.�(*)24�G	1?=�G�DF-/;��ZÇ"Æ5fiã
fZÇ"Æ5fZÇ
gmÈuÅ! /g�ä5Ê2fJÈÁÌ<Æ5fZÒP�F�e�{�{�
�!(*=<=U×�19)7)263=Y&�.	GdÔv4	M�1?.u�S���/�/�/�7�p^�&�(�K�=�6?6"&�(�DF-/;YÃHÅ!Æ0Æ5fZÇdÈ�É�Ê�Ë0ÌoÍ"����É�ÅÖÇdÈÁÌ<Æ5fZÒ��!(*=<=
��=<63=<4R`Õ&�.�GÄ�H4�;2&�.	G:�S�����0�/�mDF-/;E&q;7=<+�=<.0)�;7=�DF=�;7=�.	+<=>�Zk ��-�-/4	;|O�.	-�KY6?=�G	@/=�^X19)|N
&�(
.	=�$�=<;�M�=�=<.I(e)24	G	13=<GÁDF-/;E&�.08ÁlU�uÔvÀ�BC-5G	=<6�k �H4	=C)2-q)2N	=CB\-�;7=�+<-/BCT	63=Z`ÂG	=�T�=�.RQ
G	=<.�+<=�(*)7;74	+Z)24	;*=�^	=p`RT�=�+�)�&o)21?-�.,-�DX=<V�4
&')71?-/.��S�/��1?(�.�-�) =Z`RT	631?+�13)2=�638])7;2&�+Z)�&�M	63= DF-/;�&�.
lU�uÔvÀ B\-5G	=<6�^�&�(|M"-�)2NÂ)2N	=C.	-/;*Bd&'6?1?b�1?.	@d+<-/.	(e)�&�.0)

W
-�D�=<V�4
&')71?-/. �e���|&'.	GÁ)7N	=

+<-/.�G	13)71?-/.
&'6�T	;*-/M
&�M�1?6?19)i8
P (z|x)

+>&'.	.	-�)|M"=P+<-�B\T	4R)2=<GÂ=p`	&'+�)2698/k�#HT	T	;*->`�13Bd&o)21?-�.	(
&�;7=�)7N	=<.�;7=�V54�1?;7=�G�)7-�Bd&�O'=�)2N	=E&�63@/-/;719)2N	B )7;2&�+Z)�&�M	63=�k

�i.P)2N	13(tT
&�T"=<;�^'Kn=YT	;7-/T"-/(*=�)2-�4	(*=Y&UB\=<&�.��
=�6?GRQ[6?13O�=~&'T	T	;7->`R1?B\&')71?-/.�-�D
)2N	=v�w&�;7O'-'Q
$51y&�. Éuã
Ì�ÓZgïfZÊpÅSÌoÊpÅ�G	1?(e)2;*1?M	4�)71?-/.

PG(z|x)
(713B\136y&�;])2-I)7N	=�G	13(*)2;*1?M	4R)21?-�. T	;*-/T�-�(7=<G

1?.#��=�6?=<45`Â=�)�&�6�k��S�'�/� è �m13.{)2N	=]DF;7&�B\=ZK�-�;7Ou-'D�+�-/B\T�6?=�)7=PG
&')2&,+<6?4�(*)2=�;713.	@	k �[)�K�&�(
(7N	-�KY.])2-HM�=~BC-/;*=�=�rC+�1?=<.0)t)7N
&�.P)7N	=�BC-/(*)�KY1?G	=�6380Qi4�(7=<G]+�6?4	(e)2=�;71?.�@�&�T	T	;*-0&�+�N	=�(�-/.
M�-')2NJ(*1?BP4	6?&')2=�Gd&'.	GJ;7=<&�6"G
&')�&J�!(7=�=$��=<63=<4R`\=Z)s&�6�kc�����/� è �z&�.�Gd¿U13@/.	=<(�&�.	G,À
-/;*M�=�(
�S�����0�/�7�pk
�sN	1?(v(74�@/@/=<(e)2(m@/-R-5GqT	;7-�T�=�;*)213=<(v-�Dt+�-/.0$/=�;7@/=�.	+<=&%a6?-5+>&�6c+<-/.0$/=�;7@/=�.	+<=]-'D�&
$/=�;*8w(71?BC1?6?&�;s&�63@/-/;*13)2N�BçN
&�(mM�=�=<.{T�;7-�$/=�.�1?.wÀ�-�;7M"=<(m&�.	G�À
-/;e)P�����/�0���Zk��sN	=P&'6?@/-'Q
;719)2N	BÛG	=�$�=<6?-�T�=�GÕN	=�;7=]=p`R)7=<.	G�(�)2N�=]T	;7-5+<=�G	4	;7=])7-q)7N	=]BC1?(7(*1?.	@,G	&')�&JDF;2&'B\=ZK�-/;*O�k
�i.�DF-/;*Bd&�63638�^�)2N	=H1?G	=<&�-�DX-/4�;~&�63@/-/;719)2N	B KYN	=<.,+�-/.	(*1?G	=�;71?.�@]&�T
&';*)213+<4	6?&�;z(713)7=

i
1?(�)2-

.	=<@�6?=<+Z)_)7N	= Ú
4�+�)24	&')213-/.	(_-'D
)2N	=n.	=<13@/M�-�4	;713.	@m(*13)7=<(tM08�(7=�)*)213.	@m)7N	=<B )2-H�R`�=�GP$'&�6?4	=�(

z̃j, j ∈ Ni

�!BC=>&�.�(�DF-/;�=Z`�&�BCT	6?=>�Zk �sN	=~4	.0)7;2&�+Z)�&�M	63=s�u&';7O�-�$51y&'.]G	1?(e)2;713M	4�)71?-/.
PG(z)

1?(s)2N�=<.{&'T	T	;7->`R1?B\&')7=<G�M�8,)7N	=|)2;2&'+�)�&'M	6?=�D!&�+Z)2-/;*1?b<=�GwG�1?(*)7;713M	4�)213-/. ∏
i∈S PG(zi|z̃Ni)

KYN	=<;*=
z̃Ni

G	=<.	-')2=<(,)7N	=Â(7=�) {z̃j, j ∈ Ni}
k~�H4	=�)2-A+<-�.	G	13)71?-/.	&�6H13.	G	=<T"=<.�G	=<.	+�=�^

P (x, z)
1?(q&�63(7-A&�T	T�;7->`R1?B\&')2=�GÜ&'(q&�D!&'+�)2-�;71?b�=<G G	13(*)2;*1?M	4R)21?-�.x&�.	G =<V�4
&o)21?-�.ß���/�

M�=�+<-/BC=<(~)7;2&�+Z)�&�M�6?=�kR¿z&�6?4	=�(
z̃i
M�=�1?.	@�É�ã"ÊZÅSÌoÊpÅz4	.	O�.	-�KY.a^�BC=>&�.J�
=�6?GRQ[6?13O�=�&�T�T	;7->`�Q

1?B\&')213-/.	(~63=>&�G�)2-\&�.u19)2=�;2&')713$/=Eîz�qQ[6?1?O'=�&'6?@/-/;*13)7N	B ;*=<T"=>&')71?.	@�)iKn-J(*)7=<T	(�k��i.�KYN
&')

ð
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DF-/6?63-�KY(<^t$'&�6?4�=<(�DF-/;C)7N	=
z̃i ' (\&�;*=u(713BP4	6?&')2=�Ga^�&�(\;7=<+�-/BCB\=�.	G	=<G¾1?.(��=<63=<4R`¾=�)J&�6Sk

�S����� è �m13.Õ&J+�-/BCT	6?=Z)2=]G
&')2&JDF;2&�BC=�Kn-/;7O�kX��-/;7=�T	;*=<+<13(7=�638/^c(*)�&';*)213.	@JKY13)7NÂT
&�;2&'B\=pQ
)2=�;7(

Ψ(0)
^�&')Y13)7=<;7&')213-/.

(q)
^

�ï���,À�-�;~=>&�+�N�(719)2=
i ∈ S ^
(713BP4	6y&o)2=mDF;*-/B )7N	=|-/M	(*=<;*$�=<GwG
&')�&

xoii
&�.	G,)2N�=E+�4	;7;*=<.0)

T
&�;2&'B\=Z)2=<;s=�(*)71?B\&')2=
Ψ(q−1)

&]+<-/.R�
@/4	;7&')213-/.
z̃

(q)
i

Å!j!f<j
$'&�634	=<(sDF-/;~)7N	=
Zi ' (�k

���/�J#HT	T	698Á-/.	=d(e)2=�T�-�Ds)2N	=Jîn� &�6?@/-�;713)7N	B%-/.Õ)2N	=dD!&'+�)2-�;71?b�=<GÕB\-5G	=<6z;7=�(74	69)213.	@
DF;7-/Bç)7N	=EB\=<&�.��	=<6?G5Qi6?13O�=E&�T	T�;7->`R1?B\&')213-/.J)2-C@/=�)m4	T"G
&')7=<Gu=�(*)71?B\&')2=�(

Ψ(q)
-�D

)2N	=|T
&�;7&�BC=�)2=�;7(�k

�sN	1?(�T	;7-5+<=�G	4	;*=�KY1?6365M"=~;*=�DF=<;*;7=�G]1?.�KYN	&')tDF-/636?-�KY(_&'(*),+	Ð�Ï]Å?Ó�ÓsÉ�Ò �5ÌoÊpÅÖg-�5Ï/.
(*)2&�.	G	13.	@
DF-/;10c1?B�4	6y&')7=<G�2~1?=<63G{&�63@/-/;*13)2N�BçKY13)7N ÷I !û>û 1?.�@C$'&�634	=<(�k �sN	13(U&�63@/-/;719)2N	B &�+<+�-/4	.0)2(
DF-/;m)7N	=��u&';7O�-�$51y&'.{(*)7;74	+Z)24	;*=]-�Dt)2N�=PG
&')2&\KYN	1?63=�D!&�+Z)2-/;*1?b�1?.	@�)2N	=�G	1?(e)2;*1?M	4�)71?-/.w-/.
KYN	1?+�Nwîz� 13(~)2;7&�+�)2&�M	6?='k

�i.Á)7N	=Cî_Qi(*)7=<Ta^zÉCã
Ì�ÓZgifZÊpÅSÌoÊpÅmT	;*-/M
&�M�1?6?19)213=<(m&�;7=�+<-�B\T	4R)2=<GÂDF-/;|&�636
i ∈ S &�.	G k ∈

J1, KK M08

t̃
(q)
ik = PG(Zi = k|xoii , z̃(q)

Ni
)

� è �

�sN	={G	19ác=�;7=�.	+<=�KY13)2N�)2N	=w+<-/BCT	63=�)2=�G
&')2&Õ+<&�(7={-'D1��=<63=<4R` =�)J&�6Skv�����/� è �]1?(�)2N	&')
+<-/.�G	13)71?-/.	13.	@C1?.A� è �v13.�$�-/63$�=<(U)7N	=P-/M	(*=<;e$/=<GÁG
&')2&

xoii ∈ R|oi|
^a&�.	Gu.	-�)U)7N	=�KYN	-/63=

$/=�+�)2-�;
xi ∈ RD

k�#H(\1?.(��=<6?=�4R`¾=�)d&�6Skv�����/� è �Z^t)2N�=u+<-�.	G	13)71?-/.�1?.	@Á&�63(7-Á1?.	+�6?4	G	=�(
.	=<13@/N�M�-�4	;7(s)2N�;7-/4	@�Nq)7N	=

z
(q)
Ni

)2=�;7B�k

�i.w)7N	=]�qQ[(*)7=<Ta^"T
&�;7&�B\=Z)2=�;7(
Ψ = (θ1, · · · , θK , β)

&';7=E4	T�G	&')2=�Gak��sN	=�4	T"G
&')71?.	@C-�D
)2N	=��u&';7O�-�$51y&'.�T	&�;2&�BC=�)7=<;

β
;7=<B\&�13.	(~4	.	+�N	&�.	@/=�G{&�(s+�-/B\T	&�;7=�Gq)7-])2N	=�+�-/B\T�6?=�)7=

G
&')2&C+<&�(7=d�!(*=<=3��=<6?=�4R`�=�)m&�6�kX�S�'�/� è �*�Zk
�v-d&�.	&�638�)213+>&�6c=Z`RT	;7=�(7(*1?-/.w1?(v&>$�&'1?6y&'M	6?=mM	4�)
)2N	=]-�T�)213Bd&�6

β(q)
1?(U4�.	1?V�4	=�&�.�GÁ+<&�.Â=>&�(*1?698uM"=]-/M�)2&�1?.	=�GÂ.54�B\=�;71?+<&�6?698/k�àm.	631?O'=

β
^

)2N	=�4	T�G	&')213.	@J-�D�)7N	=��|&�4	(7(*1y&�.u+<6y&'(7(eQ[G	=<T"=<.�G	=<.0)ET
&�;7&�B\=Z)2=�;7(
θk = (µk,Σk)

^
k ∈

�
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J1, KK, G	13á�=<;*(�DF;7-�B )7N	=�+<-�B\T	63=�)7=HG
&')2&P+>&�(*=�k �H=<.	-')2=
Σoioi
k = {(Σk)st, s ∈ oi, t ∈

oi}
^

Σoimi
k = {(Σk)st, s ∈ oi, t ∈ mi} = (Σmioi

k )T
&�.�G

Σmimi
k = {(Σk)st, s ∈

mi, t ∈ mi}
k��sN	=�.

P (Xmi
i |xoii , θk)

13(�&Õ�|&�4	(*(71?&�.�G	1?(e)2;*1?M	4�)71?-/.ÕKY13)2NABC=>&�.
ηik

&�.	G�+<-�$'&�;71?&�.	+�=
Γik

G	=��
.�=<G{&'(<W

ηik =µmik + Σmioi
k (Σoioi

k )−1(xoii − µoik )
�FØ��

Γik = Σmimi
k − Σmioi

k (Σoioi
k )−1Σoimi

k .

#~)v13)2=�;2&')71?-/.
(q)

)2N	=|+<-�B\T"-/.	=�.�)
s ∈ J1, DK -'D µk

1?(s4	T"G
&')7=<Gw&�(<W

(µsk)
(q) =

∑
i t̃

(q)
ik (rsix

s
i + (1− rsi )ηsik(q))
∑
i t̃

(q)
ik

��ê/�

KY13)7N
rsi = 1

13D�$'&�;71?&�M	63=
xsi
13(U-/M	(*=<;e$/=<Gc^

0
-�)7N	=<;eKY1?(7='k4��-/BCT
&�;*=<G{KY13)7Nu)2N�=]+<-/B]Q

T	6?=Z)2=CG
&')2&w+>&'(7=�^�=<V�4
&o)21?-�.x�Sê��|(*1?BCT	638�;*=<T	6?&�+<=�(E)7N	=dBC1?(*(713.	@,$�&';71y&'M	6?=
xsi
M08Á)7N	=

+<-/.�G	13)71?-/.
&'6cBC=>&�.
(ηsik)

(q)
-�D�)2N	=|G	13(*)2;*1?M	4R)21?-�.

P (Xmi
i |xoii , θ(q)

k )
k

âR1?BC1?6?&�;7698/^/)7N	=|+<-/BCT�-�.	=<.0)
s, t ∈ J1, DK -�D Σk

13(s4	T"G
&')2=�Gu&'(<W

(Σst
k )(q) =

∑
i t

(q)
ik (Sstik)

(q)

∑
i t

(q)
ik

KY13)7NqDF-�;Y&�6?6
i ∈ S ^ k ∈ J1, KK ^ s, t ∈ J1, DK ^

(Sstik)
(q)

= rsi r
t
i(x

s
i − µsk(q))(xti − µtk(q)

)

+ rsi (1− rti)(xsi − µsk(q))(ηtik
(q) − µtk(q)

)

+ (1− rsi )rti(ηsik(q) − µsk(q))(xti − µtk(q)
)

+ (1− rsi )(1− rti){(ηsik(q) − µsk(q))(ηtik
(q) − µtk(q)

) + Γstik
(q)}

�[)H13(sK�-/;e)2Nw(*)2;*=<(*(71?.�@\)2N	&')>^
M"=<+<&�4	(7=�-�D_)7N	=
Γstik

(q) )2=�;7BÑ1?.q)2N�=�6?&�(*)YD!&�+Z)2-/;�^	)2N	13(v13(
.	-�)E=<V�4	19$'&�6?=�.�)�)7-w;*=<T	6?&�+<13.	@q&qB\13(7(713.	@J$'&�;71?&�M	63=

xsi
M08�)2N	=�BC=>&�.

(ηsik)
(q)
-�Dn)7N	=

���
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+<-/.�G	13)71?-/.
&'6zG�1?(*)7;713M	4�)213-/.
P (Xmi

i |xoii , θ(q)
k )

k��sN	13(P1?(�+<-/.	(*1?(e)2=<.0)PKY19)2NÁ)2N	=J;*=<B\&�;7O
)2N
&o),B\=<&�.x1?BCT	4�)2&')213-/.¾)7=<+�N	.�1?V�4	=�6?-�Kn=<;*(J)2N	=�=�(*)213Bd&o)2=<G¾$�&';71y&'.	+<=A�!×�13)7)76?=u&�.	G
Ôv4�M	1?.Õ�S�'�/�0�/�*�Zk

� j,5 � ã
Ì�ÓZgïfZÊpÅSÌoÊpÅ�hZÒ9ÉoÓ�ÓZÅ 6~h7É�g�ÅSÌoÇ{É�Ç"Æ\ÅÖÏHã"ä5g[É�g!ÅSÌoÇ

Ôv4�.	.	1?.�@
qmax

(e)2=<T�(H-�D�)2N	=�â�À
B\13(7(Y&�63@/-/;*13)2N�B 63=>&�G	(s)7-d=<(e)213Bd&')7=<(
Ψ(qmax)

-�D_)7N	=
B\-5G	=�6�T
&�;2&'B\=Z)2=<;*(v&�.	Gw)7-\+�-/.��
@�4	;2&')71?-/.�(

z̃
(qmax)
i

^
i ∈ S ^�DF-/;~)2N�=�BC=>&�.q�
=�6?GRQ[6?1?O'=

&�T	T	;*->`�13Bd&o)21?-�.ak��sN	1?(dV54	&�.0)213)71?=�(d+>&'.:)2N	=�.xM�=w4	(7=�G )7-IM"-�)2N:+�6?4	(e)2=�;J(719)2=<(J&�.	G
1?BCT	4�)7=�B\13(7(713.	@�G
&')2&�k��H4	=E)2-�)2N	=|D!&�+�)7-/;713b>&')71?-/.,-'D

P (z|x)
;7=<(*4	63)71?.	@]DF;*-/B BC=>&�.

�
=<63GRQi631?O'=�&�T	T	;*->`�13Bd&o)21?-�.a^>��#7�A�iÈ�É� /ÅÖÏ]ä5Ï8� � Ì�ÓZgïfZÊpÅSÌoÊpÅe�a&�.	G����z� �iÈ�É� /ÅÖÏ]äRÏ
� Ì�ÓZgïfZÊpÅSÌoÊ�ÈÂÉ�Ê���ÅÖÇ"É�Ò!�c+<6?&�(7(*13�
+<&')213-/.�;74�6?=<(�&�;*=�=<V�4	19$�&'6?=<.0)�&�.	G|+�-/.	(713(*)�1?.|+�6y&�(*(713DÖ8513.	@
&](713)7=

i ∈ S 1?.ÂW

ẑi = arg max
k∈J1,KK

P (Zi = k|xoii , z̃(qmax)
Ni

, β(qmax)) = arg max
k∈J1,KK

t̃
(qmax)
ik

�!ë0�

��6y&�(*(719�
+>&')71?-/.d;74	63=���ë0��1?.0$/-�63$/=�(~)2N	=�;7=ZDF-/;7=C�F1Ö��)7N	=�-/M	(*=<;e$/=<G�G
&')2&
xoii ∈ R|oi|

�!&�.	G
.	-�),)7N	={KYN	-/63=u$/=�+�)2-�;

xi ∈ RD
&'(,1?.:)2N�=�+<-/BCT	6?=Z)2={G	&')�&I+<&�(7=>�q&'.	G��!1?1y�])7N	=

.	=<13@/N�M�-�4	;7(�)2N	;*-/4	@/NP)7N	=~&�G�G	13)71?-/.
&'6
z̃

(qmax)
Ni

= {z̃(qmax)
j , j ∈ Ni}

)2=�;7B�k'�[)t&�+<+�-/4	.0)2(
)2N	=�;7=ZDF-/;7=�=p`�T�6?1?+�13)7=<638�DF-/;�G	=<T"=<.	G�=<.	+�1?=<(vM"=�)iKn=<=<.�(719)2=�(<k	�sN	13(s1?(s&]+�6?=>&';s&�G�$'&�.0)�&'@/=
-�D�-/4	;YlU�wÔmÀAB\-5G	=�6a-�$/=<;Y�e�{�Ák

�w1?(*(713.	@�-/M	(7=�;*$'&')71?-/.	(Y+<&�.u&'6?(7-]M"= ÉEã
Ì�ÓZgïfZÊpÅSÌoÊpÅ ;7=<+�-/.	(e)2;74�+�)2=�Gakc�w#7�ô�F-/;m���z�{�
;74	63=~6?=<&�G	(_)7-�1?BCT	4�)7=~B\13(7(*1?.	@m-/M	(7=�;*$'&')71?-/.	(

xmii
DF-/;t(*13)2=�(

i ∈ S M08�)7N	=sBC-/(*) 631?O'=<638
$'&�6?4	=�(s+<-/.�G	13)71?-/.
&'6?638C-/.q-/M�(7=<;e$/=�G

xoii
&�.	G�-/.q+<6y&'(7(

ẑi
W

x̂mii = arg max
x
mi
i

P (xmii |xoii , ẑi) = ηiẑi .
���/�

î�V54	&')213-/.¾�S�/�H+<&�.ÕM"=](7=�=<.Ä&�(|&,B\=<&�.Â1?BCT	4�)�&o)21?-�.ak��[)|G�13á�=<;7(�.�=�$/=�;*)7N	=<63=<(7(EDF;7-/B

�/�
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)2N	=|+�6y&�(*(71?+<&�6aT	;*=ZQ[T	;7-5+<=�(7(7=�GuBC=>&�.q13B\T	4R)�&')71?-/.J13.q(7=�$�=<;7&�6XT�-/13.0)2(<W

�!1Ö�J�[)m1?(YT"=<;*DF-�;7BC=<G�É�ã
Ì�ÓZgifZÊpÅSÌoÊZÅÖ^�&'.	Gu.	-')U&�(m&\T�;7=ZQ[T	;7-5+<=�(7(*1?.	@	k��sN	=�;7=ZDF-/;7=�13)vG	-5=<(
.	-')s&�;e)213�	+<1y&'6?638PM	1y&�13(7=�Gd)2N	=HT
&�;2&'B\=Z)2=<;�=<(*)71?B\&')213-/.u�!1?.dT
&�;*)71?+�4	6y&�;z)2N	=

Σk ' (<^	(*=<=
×�13)*)263=U&�.	GwÔY4	M	1?.Õ�����/�0�/�*�n;7=�V�4	1?;*=<GqDF-/;s+<6?&�(7(*13�
+<&')213-/.ak

�!131Ö�JÔY=<6?&')213-/.	(7N�1?T	(]M"=�)iKn=<=�.x(713)7=<(d&�;7=q)�&�O'=<.:13.0)2-I&'+<+<-�4	.0)d)2N�-/4	@/N�)2N	=w+<6y&'(7(719�
+>&�Q
)71?-/.

ẑi
KYN	1?+�Nc^�&'(m(*=<=<.wT	;7=Z$51?-/4	(*638Õ�F=<V�4
&')71?-/.Õ��ë/�7�Z^
13.0$/-/69$/=<(Y)2N�=�.	=�1?@/N�M"-/;7N�-R-5G

(e)2;74�+�)24�;7=�k
�F1?131Ö�\�sN	=�B\=<&�.P1?(_.	-�)t+�-/BCT	4�)2=�G]-�$/=<;�&'6?6�(719)2=<(�^�M	4R)�-/.	698�-�$�=<;�(719)2=�(tM�=�6?-/.�@/1?.	@v)2-H)7N	=

(7&�B\=v+<634	(*)7=<;�&�.	Gd)7N	=<;*=�DF-/;*=H(7N	&�;713.	@�13.�DF-/;7B\&')71?-/.w�!;*=<6?&')2=�GdM	13-/6?-/@�1?+>&'6�DF4	.	+Z)21?-�.	(
DF-/;s=p`�&�B\T�6?=�^	&�(s1?.wâR=�+�)213-/.�Ø��Zk

9 ��ù�ù!��û�����ó��� F�"���"�:û;:������Xø��� �����óR��ó

�sN	=vT	4	;7T"-/(*=m-�D�)2N	13(�(7=<+Z)213-/.d13(�)7-|1?6?634	(*)7;2&')7=~)2N	=YG	19ác=�;7=�.	+<=�(�M"=�)iKn=<=<.d-/4	;�B\=Z)2N	-5G
&�.	GI(e)�&�.�G
&�;7GÕ1?BCT	4�)2&')213-/.ÂB\=Z)2N	-5G	(<^�&�.	GÁ)2-w=<BCT	N
&�(*1?b<=C)2N	=\@/=<.�=<;2&'6�&�(*T�=�+�)7(�-�D
)2N	=�DF-/;*B\=�;UKY13)2NÁ;7=�(7T"=<+Z)�)7-�)7N	=\6?&')7)7=<;�^cDF-/;�M"-�)2NÁ+<6?&�(7(*13�
+<&')213-/.Á&�.	GÁ1?BCT	4�)�&o)21?-�.
1?(*(74	=�(<k0À
;7-�Bß&�BC-/.	@H(7=�$�=<;7&�6
=Z`R=<;*+<13(7=<(�Kn=sN
&>$/=YT"=<;*DF-�;7BC=<Ga^oK�=sT	;*=<(*=<.0)zN	=<;*=s(7-/BC=
;7=�(74	69)2(�;7=�6y&')7=<GA)2-Á&

4
Qi+�6y&�(*(](*85.0)2N	=Z)21?+�1?B\&�@/='kt�U&o)�&�K�=�;7=�-/M�)�&'1?.	=�G¾&'(�DF-�6?6?-�KY(�k

â5)�&';*)213.	@]DF;7-/B )7N	=E(*85.0)2N	=Z)21?+�1?B\&�@/='^
&C.�-/1?(e8q1?B\&�@/=�1?(Y@/=�.	=<;7&')2=�G{M08q+<-/.�(71?G�=<;713.	@
)2N
&o)Y-/M	(7=�;*$'&')71?-/.	(sM"=<63-/.	@/13.	@P)2-P)7N	=

k
QS)2Nq+<6?&�(7(E�ÖDF-/;

k = 1, ..., 4
�~&�;7=�;*=>&�631?b<&')213-/.	(

-�Dv&
4
QiG	13B\=�.	(713-/.
&�6v�

D = 4
�E.	-/.�G�1y&�@/-�.
&�6n�E&'4	(7(*1y&�.IG�1?(*)7;713M	4�)213-/.a^aKY19)2NIBC=>&�.

µk = (k, k, k, k)T
&�.	G�+�-�$'&�;*1y&�.�+<=�B\&')7;719`

Σk

KY13)7N{G	1?&�@/-/.
&'6X)7=<;*B\(m=<V�4
&�6�)2-
0.5

&�.	GE.	-/.|G	1?&�@/-/.
&'6')2=�;7BC(�)2-
0.2
k í =�)2N	=�.�+�-/.	(713G	=<;a)iKn-mK�&>85(�-�DRT	;*-RG	4�+<1?.�@sB\13(7(713.	@

G
&')2&�k>�sN	=��
;7(e)�-/.	=�;7=�B\-�$/=�(�;7&�.	G	-�B\698�&s@/13$�=<.ET	;7-�T�-/;e)213-/.�-�DRG
&')�&E���
��#UÔ�+>&'(7=��pk
�sN	=v(7=<+�-/.	GJ-�.	=Y;7=<BC-�$/=�(~&|@/13$�=<.CT	;7-/T"-/;e)21?-�.C-'Dc)2N�=mN	13@/N	=�(*)n&�.	G�)2N	=v6?-�Kn=<(e)�G
&o)�&
�!63=�DÖ)v&�.	Gq;*1?@/N0)Y+<=�.	(7-�;7(7N�1?Ta^"�U��#UÔ +<&�(7=>�Zk

���
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�sN	=Á+<6y&'(7(719�
+>&o)21?-�.x;7=<(*4	63)7(q-/M�)�&'1?.	=�G�;*=<(*T�=�+�)219$/=�638xM08 -/4	;,BC=�)7N	-5GÜ&'.	GÜM08:)7N	=
�u&�;*O�-�$51y&�.JâR1?BP4�6y&')7=<GRQiÀ_1?=�6?GP&'6?@/-/;*13)7N	B �F;7=ZDF=<;7;*=<GC)2-�&�(~âRÀ�^<��=<63=<4R`C=Z)~&�6�k��S�'�/� è �*�
KY13)7N�$'&�;*1?-/4	(sT�;71?-�;s1?BCT	4�)�&o)21?-�.	(s&�;*=E(*N	-�KY.{1?.�À_13@/4	;*=]�/k
�iB\T�4�)�&')71?-/.,)7=<+�N	.	13V�4	=<(
+<-/.�(71?G�=<;7=�G�&';7=_�
636?13.	@�13.UKY13)2N|b�=<;7-�(z�>= ÿ�ß]Ë@?s¶Nà �p^>KY13)2N|+�-/6?4	BC.UBC=>&�.�(z� ÞÇÿ�ÅBA@?s¶Nà �p^
-/;�4�(71?.�@P(*)2&�.	G
&�;*GJ1?BCT	4�)2&')213-/.CB\=Z)2N	-5G	(�(*4	+�N�&�(~�HQi�m=>&';7=<(e)s�v=<1?@�N5M"-/;*(��!��;7-�8/&�.RQ
(7Oo&>80&C=�)m&�6Sk��S���/�R���Z^�C ABA@?s¶Nà �p^"Ù~&>8/=<(*1y&�.���;713.	+<13T
&�64��-/BCT"-/.	=<.0)v#H.	&�6385(713(��S}UM
&
=�)E&�6�k������/� è �p^ �t´ � ÅD?s¶Nà �U-/;EâR4	T	T"-/;e)�¿�=<+�)7-/;|ÔY=<@/;*=<(7(*1?-/.¾� í &�.�@�=Z)E&�6Skt�S�����/ë0�Z^
¶'³$ßE?s¶Nà �Zkc�sN	=C×X-5+>&'6�×�=>&�(e)Pâ5V54	&�;7=��iBCT	4�)2=]BC=�)7N	-5G �!��1?B =�)�&�6Skt�S�����0ê/�7�v@0&>$/=
T�-5-/;t;*=<(*4	63)7(�-/.�-/4	;�G
&')2&|&�.	GC&�;7=s.�-�)�;7=�T�-�;*)2=�G\N�=<;7='k/�[)z&�T	T"=>&';7(�)2N
&o)t)2N	=mâ�À
BC1?(*(
&�6?@�-/;719)2N	B T"=<;eDF-/;7BC(~M"=�)7)7=<;~)7N
&�.,)2=�(*)2=�Gw13B\T�4�)�&')71?-/.\B\=Z)2N	-5G	(�^	&�69)2N	-/4�@/NJ)2N	=�4�.RQ
G	=<;*63851?.�@�BC-5G	=<6�13(|)7N	=C(2&�BC=�WX&�.ÕlU�wÔmÀ�B\-5G	=<6�ka��-u&�(*(7=�(7(�)7N	=C@0&�1?.Â13.Õ4	(*1?.	@w&
�u&�;*O�-�$51y&�.CB\-5G	=�6S^�Kn=H&'6?(7-|+�-/B\T	&�;7=~KY19)2N�)2N	=Y�e�{�Õ^0KY19)2NCT
&�;2&'B\=Z)2=<;*(�=<(e)21?B\&')7=<G
M08�)7N	=Pîz� &'6?@/-/;*13)7N	B KY19)2N{13.	+<-/BCT	63=�)2=�G	&')�&u�!;7=ZDF=<;*=<G{)2-d&�(mîn��B\13(7(<^"(7=�=P×�13)*)263=
&�.	GwÔv4�M	1?.Õ�S�'�/�0�/�*�Zk

F À�1?@/4	;*=]�E&�M�-�4�)YN	=<;*=�kHG

F À�1?@/4	;*=E�]&�M�-�4�)YN	=<;*=�kHG

#H(\+<-/BCT
&�;*=<G¾KY19)2N¾�e�{�Õ^�19)\&�T	T"=>&�;*(\)2N	&')\)2&�O�1?.	@ÕG	=<T"=<.�G	=<.	+�1?=�(J1?.0)2-Ä&�+<+�-/4	.0)
�F)7N	;7-/4�@/NC)7N	=Y4	(7=v-�Da�u&�;*O�-�$51y&�.\B\-5G	=<63(���13B\T�;7-�$/=�(�)7N	=v;7=<(*4	63)7(�(71?@�.	13�
+<&�.0)2698/k0À
4	;ïQ
)2N	=�;7BC-/;7='^oâ�À
B\13(7(X&�63@/-/;*13)2N�BÜT	;*-�$R13G	=<(�&~K~&>8E-�DRB\-5G	=�6?6?13.	@~4	.�+<=<;e)�&�13.0)i8|-�$�=<;�B\13(7(ïQ
1?.	@m-/M	(*=<;*$'&')71?-/.�$�&'6?4	=�(<^o6?=>&'G	1?.	@Y)2-HM�=Z)7)2=�;_+�6y&�(*(713�	+>&')71?-/.	(�&�.	G�1?BCT	4�)�&o)21?-�.	(<k��[)_+>&�.
&�6?(*-�M�=s.�-�)2=�G�)7N
&')�-�4	;�&�6?@�-/;719)2N	BôT"=<;eDF-/;7BC(_Kn=<6?6�=�$/=�.\KYN	=�.])2N	=Y+<-�;7;7=�+�)�4	.�G	=<;*6380Q
1?.	@�B\-5G	=<6�1?(~.�-�)s(7=Z)m&�(s&�.,N085T�-')2N	=�(71?(�W	)2N	=�(e85.�)7N	=�)71?+�13Bd&�@�=H1?(�.	-�)Y&P;*=>&�631?b>&o)21?-�.
-�Dc&���-�)7)7(nBC-RG�=<6
&�.�G\+�=<.	(*-/;7=�GdG
&')2&|&�;7=v�U��#UÔ$I5�sN�=v+�=<.	(*-/;7=�GJG
&')2&�+>&�(*=m(*=<=<BC(
)2-{M"=dBC-/;*=\G	19rC+<4	69)�)7N
&�.�����#UÔ +<&�(7=dM	4�)�âRÀ�BC1?(*(�T�;7-�$51?G	=�(�;7=<&�(7-�.
&�M	698Õ@�-R-5G
+<6?&�(7(*13�
+<&')213-/.	(nDF-�;~N	1?@�N,T�=�;7+<=�.0)�&�@/=�(Y-�D�B\13(7(713.	@�$'&�634	=<(|�F4	T,)2-

60%
^	(7=�=�À�1?@/4	;*=��

� è
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&�.	Gq$51?(74	&�6?13b>&')71?-/.\-/.uÀ�1?@/4	;*=|� �pk

#H(qBC=<.0)213-/.	=<Gx13.ÜâR=<+Z)21?-�.��Rk è ^~1?.�&�G	G�13)213-/. )7-�T	;7-�$51?G	13.	@A&�+<6?&�(7(*13�
+<&')213-/.a^�-�4	;
&�6?@�-/;719)2N	B N
&�(P)7N	=q&�M	136?19)i8�)2-Â;7=�+<-/.	(e)2;*4	+�)]Qi-�;P1?BCT	4�)7=ZQ�BC1?(*(713.	@{G
&')2&�ktÀ�1?@/4	;*= è
G	1?(*T	6y&>85(z1?BCT	4�)�&o)21?-�.]=<;7;*-/;7(�DF-/;�)7N	=mBC=�)7N	-5G	(nBC=<.0)71?-/.	=�Gd&'M�-�$/='k��sN	=<(*=U=<;*;7-/;*(�&�;*=
B\=<&�(74�;7=<GÕM08�)2N	=C.	-/;*Bd&�631?b�=<GÁÔv-5-�)��w=<&�.�â5V54	&�;7=�G�î�;7;7-�;d�!ÔH�uâ�îz�ZWX13D

x̂
13(|)7N	=

1?BCT	4�)7=<G�G
&')�&ÂB\&')2;*19`�^~Å!j!f<j?^�&�.¾=<(*)71?B\&')2=,-'DH)2N�=w+�-/B\T�6?=�)7=qG
&')�&ÂB\&')2;*19`
x
^t)7N	=

ÔH�uâ�î 1?(sG�=��
.	=�G{&�(�W

Ôm�{â�î
=

√√√√
BC=>&�. {(x− x̂)2}BC=>&�. {x2} ,

KYN	=<;*=
x2
^	DF-/;s=Z`�&�BCT	63=�^	13(s+<-/BCT�-�.	=<.0)*QSKY1?(*=�k

F À�1?@/4	;*= è &�M�-�4�)YN	=<;*=�kHG

Ôv=�(74	69)2(�T	;7=�(7=�.�)7=<G�1?.�À_13@/4	;7= è +<-/.��	;7B )2N	&')�âRÀ�BC1?(*(X-�ác=�;7(�&m(*4	M	(*)2&�.0)21?&�6R13B\T�;7-�$/=pQ
B\=�.0)�&'(�+<-/.	+�=<;*.	(�13B\T�4�)�&')71?-/.u1?(7(*4	=�kX�v-�)2=])7N
&')>^a&�(E&�$�=<;7&�@/=�B\=<&�(74�;7=<(E-�Dn=<;*;7-/;�^
ÔH�uâ�îIDF-/;~�|�H�E^�ÙE�B��# &�.	Gqâ�¿�Ô 1?BCT	4�)�&o)21?-�.�)7=<+�N	.�1?V�4	=<(Y&';7=v(71?BC1?6?&�;�&�69)2N	-/4�@/N
+<-/;*;7=�(7T"-/.	G	13.	@\13B\T�4�)2=�G�+�-/BCT�-/.�=<.0)*QSKY1?(7=U$'&�634	=<(Y+<&�.wM"=|V�4	13)7=EG�13á�=<;7=�.0)>^
6?=<&�G	13.	@
)2-�G	19ác=�;7=<.0)v+<6?&�(7(*13�
+<&')213-/.q&�(Y;7=�T�-�;*)2=�Gq1?.�À_1?@�4	;7=]�/k

J K*Laþ�ø5�o !÷Äø5����ûP�"�(:"ø�ó
û��\�/ø5ù�ù,M��N:��0ù!ø��Xó���ó

O j�� �ZÇ"Æ�ÅÖÍ�Å!Æ�ä�É�ÒQPEÉ�g[É

�U&')2&H-�D"âRT"=<636?B\&�.E=�)�&'6SkR�e���N�/ð0��-/."+�É5h�hR��É�Ê2ÌoÏ�	0h�f�Óvh�fZÊ2fZÍ�Å?ÓZÅ!É5f�)7N
&')�DF-R+�4	(7=�(_-/.�)7N	=
1?G	=�.0)213�	+>&')71?-/.|-�DR+<=�6?69Q[+�85+<63=�;7=�@/4	6y&o)2=<GE@/=�.	=<(XK�=�;7=n4	(7=�Gak��sN	=<(*=�G
&')2&m&';7=�=Z`RT	;*=<(7(*1?-/.
T	;7-'�
6?=�(mDF;7-�B 8/=>&'(*)�+�4	63)74	;7=�(H(*85.	+�N�;7-/.	13b<=�G�M�8wG	19ác=�;7=<.0)mB\=Z)2N	-5G	(�k��sN	=EDF4	6?6XG
&o)�&
(7=Z)H+�-/.	(713(*)7(m-�Dt&

77
G�1?BC=<.	(*1?-/.
&'6c$/=�+�)2-�;vDF-/;Y=<&�+�Nu-�D�)2N	=

6179
@/=<.	=�(<k��sN	=E1?.	19)21?&�6

�>Ø
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For Peer Review

G
&')2&�(7=Z)�N
&�(
5%

-�$/=<;7&�6?6�BC1?(7(*1?.	@\=<.0)2;*1?=�(<k"�i.{)2N	=EDF-/6?63-�KY13.	@	^	Kn=�KY1?636�DF-R+�4	(H-/.w)2N	=

cdc28
=p`�T"=<;*1?BC=<.0)C1?.	19)21?&�6?698ÂT�=�;*DF-/;*B\=�G¾M08S��N	-Á=�)d&�6Sks�e���T��ð0�,�SâRT"=<636?B\&�.I=Z)J&�6�k

�e���N�/ð0�C4�(7=<Gx)7N	1?(\G
&')�&Ä&�6?-/.�@ÄKY13)7N )2N	=�1?;\-�KY.xDF-/;C)2N	=�1?;d&�.
&�698R(*1?(2�Zk��z=>&�(e)JK�=�;7=
(*85.	+�N	;*-/.	13b<=<GxM08�(*)7-/T	T	13.	@Õ)7N	=<B 13. 6y&o)2=w���wT	N
&�(*=u-�DH)2N	=w+<=<636Y+�85+<63=�k

17
)71?BC=

T�-�1?.0)2(��!G	13B\=�.	(713-/.	(2�~Kn=<;*=P+<-�6?6?=�+�)7=<Gu=Z$/=�;*8
10
BC1?.�4�)7=<(v(7-\.	=>&�;*638,)iKn-J+<=�6?6�+�85+<63=<(

N
&>$/=E-R+�+<4	;*;7=�Gak

O j � �ZÇ
gifZÊ*É5hZg�ÅSÌoÇU��fZgWV�ÌoÊ2Ë

#�$'&�136y&�M�6?=~M	13-/6?-�@/1?+<&�6�.	=Z)iK�-�;7O�(~+<-�.�)2&�1?.\&|(71?@�.	13�
+<&�.0)n&�B\-�4	.0)n-'D�1?.�DF-�;7B\&')213-/.�)2N	&')
(7N	-�4	6?GJ.�-�)~M"=H13@/.	-/;*=<G\)7-PT	;*-�$513G	=H-/TR)21?B\&�6
(e)�&')71?(*)71?+<&�6"&�.
&�698R(*1?(z-�Da)7N	=UB\&�+�N	1?.�=<;*8
-�D�)2N�=�+<=<636Sk�}U4	;s&�13B 13(n)7-]M	4	1?63GJ&P@/;7&�T	NdKY19)2Nq&PM	13-/6?-�@/1?+<&�6	=<.0)713)i8Â�F@/=<.�=���&')~=>&�+�N
.	-5G	=�kX#H.Á=<G�@/=\KY136?6t(e)�&�.	GÁDF-/;|&w+�-/.��
;*B\=�GÕ631?.	OuM�=Z)iK�=�=<.Ä)iKn-u=�.�)713)71?=<(�W�1?.0)2=�;2&�+pQ
)213-/.	(�M"=�)iKn=<=<.d@/=<.	=�(<^�@/=�.	=mT�;7-5G	4	+�)7(<^0+�-/B\T�6?=Z`R=�(z-'DaT	;*-�)2=�1?.	(�^�D!&�BC1?6?13=<(�^'BC=�)2&�M�-�6?1?+
T
&')7N�K�&>85(<^9k3k9k

À
-/;�.	=�)iKn-/;7OCG
&')2&�^0K�=m4	(7=v)2N	=v;7=�6?=<&�(7=U�|-�DXâR�YÔv�ï�H� �F$/-�.q�w=<;*1?.	@�=�)�&�6Sk"�����/�0���7�Z^
&C+�-/.	(*1?(*)7=<.0)mG
&')�&'M
&�(7=E-�D_O5.�-�KY.{&�.	G�T	;7=�G	1?+Z)2=<GwT	;7-')2=<13.RQiT�;7-�)7=<1?.q13.�)7=<;7&�+�)71?-/.	(�k
�[)
@0&')7N	=<;*(�1?.RDF-/;7B\&')213-/.]DF;7-/B &�KY13G	=m$'&�;*1?=Z)i8\-'DXG	13á�=<;*=<.0)~(*-/4	;7+�=<(�W	@/=<.�-/B\13+Y+<-/.0)2=p`5)>^
6?19)2=<;7&')24�;7=EO5.�-�KY63=<G	@�=�^aT	N085(713+>&�6_1?.0)2=�;2&�+Z)21?-�.	(<^�fZgïh<ja�sN	=�+<4	;*;7=<.0)�$�=<;7(*1?-/.Â+�-/.0)�&�13.	(

401 948
+<4	;7&')2=�G{1?.0)7=<;2&'+�)213-/.	(sDF-/;

5611
@�=<.	=�(H-�DB+�É5h�hR��É�Ê�ÌoÏ�	0h�f�Ó]h�fZÊ2fZÍ�Å?ÓZÅ>Xzk��m-�)7=

)2N
&o)E)iKn-u-�;EBC-/;*=]1?.0)2=�;2&�+Z)21?-�.	(|Bd&>8�-5+<+�4	;|M�=Z)iK�=�=<.Ä)7N	=\(7&�BC=C+�-/4	T	63=�-�D~@/=�.	=<(�^
M�=�+>&�4�(7=CG	13á�=<;*=<.0)|O�1?.	G	(|-�Dn1?.0)7=<;2&'+�)213-/.	(�&';7=�+<-/.�(71?G�=<;7=�Gak í =](7=<63=<+Z)2=<GÁ)2N	=]13.0)2=<;ïQ
(7=�+�)213-/.JM"=�)iKn=<=�.�)7N	=H(*=�)s-�D

800
@/=<.	=�(s1?G	=�.0)213�	=<G,&�(n+<=�6?69Q[+�85+<63=m;*=<@/4�6y&')7=<GJ13.qâRT"=<6?6�Q

Bd&'.]=�)z&�6�k
�e���T�/ð0�_&'.	G])2N	-/(*=Y+<-/.0)�&'1?.	=�GC13.P)2N	=vâ5�YÔv�ï�H�ÜG
&')2&�M
&�(*=�k0�sN	=Y;7=�(74	69)213.	@
@/;2&'T	N�+<-/.	(*1?(e)2(�-�D

612
.	-5G	=<(m�!@�=<.	=�(���&�.	G

3530
=�G	@/=<(z&�+�+<-/4�.�)71?.	@�DF-/;_-/.	=s-/;tBC-/;*=

1?.0)2=�;2&�+Z)213-/.X�!(2�Z^5KYN	1?+�Nq&�;*=�@/13$�=<.,=�V54	&�6cKn=<1?@�N�)��F(7=�=EâR=<+Z)21?-�.�ê�DF-/;s&PG	13(7+<4�(7(713-/.q-/.

��ê
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)2N	13(Y&�(7T"=<+Z)p�pk

àm.	631?O'=HKY13)7N�(e85.�)7N	=�)71?+|G
&')2&�^R)7N	=|+<-/;*;7=�+�)Y.�4	BPM"=<;s-�D�+<634	(*)7=<;*(s1?(~4	.�O5.�-�KY.ck�Ù�&�8�=<(
�i.�DF-/;*Bd&')71?-/.���;719)2=�;71?-�.���Ùn�Y�H^�âR+�N0K�&�;7b��ï���0��ð0�*�Z^�&dT"=<.
&�631?b�=<Gu631?O'=<6?13N	-5-RG,)2N	&')�&�+pQ
+<-/4�.�)7(]DF-/;P)2N	=q+�-/B\T�6?=Z`R19)i8Ä-�Dv)2N�=,B\-5G	=<6�^_13(PKY1?G	=�638I4�(7=<GA)2-�)2&�+�O�6?=J)2N�1?(]1?(*(74	='k
�i.Õ-�4	;|lU�uÔvÀx(7=Z)7)213.	@	^�Ùn�Y��1?(U4�.�)7;2&�+Z)�&�M�6?=C&�.	G�Kn=\4	(*=<GÕ&,B\=<&�.RQ[�	=<6?GÁ&�T�T	;7->`�Q
1?B\&')213-/.�&�(|G	=�(7+�;71?M"=<GÁ1?.ÁÀ
-/;*M�=�(�&'.	GZ��=�85;2&';7G �S���/� è �Zk í =C&�6?63-�K�=�GÂ)7N	=�.�4	BPM"=<;
-�D�+<634	(*)7=<;*(m)2-d;2&�.	@�=�DF;7-�B

2
)2-

12
k
K = 9

K�&�(H)7N	=�(*=<63=<+�)7=<G�.�4	BPM"=<;m-�D�+<634	(*)7=<;*(
�!G
&o)�&].	-�)Y(*N	-�KY.��Zk

O j,5 ÎYf�ÓZäRÒ�gÖÓ�É�Ç"ÆJÆ�Å?Ó�hZä0Ó�ÓZÅSÌoÇ

í =zT"=<;*DF-�;7BC=<G�13B\T�4�)�&')71?-/.|&'.	G[�oQ[+<6?&�(7(X+<634	(*)7=<;*1?.	@v-�D�)7N	=n8�=>&�(e)tG
&o)�&Y4	(713.	@�â�À
BC1?(*(
&�.	GI(*=�$�=<;2&'6~-�)2N�=<;]&�63@/-/;*13)2N�B\(UDF-/;�+<-/BCT
&�;*1?(*-/.akX�sN	1?(�(7=<+Z)213-/.�&�13B\(�&')]&'(7(7=�(7(*1?.	@
)2N	=�V54	&�6?19)i8w-'Dz)7N	=PT	;*-RG�4	+<=�GÁ+�6?4	(e)2=�;7(<^c&JG	13rC+�4	63)m)�&�(*Ou&�(U)7N	=<;*=P1?(H.	-J+<-�.	(7=�.	(74	(
+<;*13)2=�;713-/.�)7-Ä;*=<638A-�.ak í =u136?634	(*)7;2&')7=J)2N	=w@0&�1?.�1?.�4	(*1?.	@Õ-/4	;J&'T	T	;7-/&�+�N:-/.¾(7-/BC=
(7T"=<+�13�
+|M	13-/6?-/@�1?+>&'6"DF=<&')24	;*=<(�k

í =z�
;7(e)t+�N	=�+�OEKYN�=�)2N�=<;_)7N	=�-/4R)2T	4�)�+<634	(*)7=<;*(_-�D
-�4	;�BC-5G	=<65&�;*=zKn=<6369Qi(*4	13)7=<G|)2-m(74	B]Q
Bd&';71?b�=mM�1?-/63-/@/1?+<&�6�O�.	-�KY63=<G	@/=H+<-/BCT
&�;*=<Gd)7-�-�)7N	=<;�&�6?@/-�;713)7N	BC(<k0#�@/=<.	=�;2&�6")2;*=<.	GJ13(
)2N
&o)�)7N	=JâRÀ�BC1?(*(�&'6?@/-/;*13)7N	BÛ@/&')2N	=�;7(�1?.0)2=�;2&�+Z)21?.�@w@/=�.	=<(�M�=Z)7)7=<;|)2N
&�.Ä-�)2N	=�;�&'6?@/-'Q
;719)2N	BC(<k5�w-�;7=vT	;7=�+<1?(*=<698/^5@/=<.	=�(�+�6?4	(e)2=<;*=<GC)2-/@/=Z)2N	=�;nM08dâ�À
BC1?(7(�N
&>$�=UB\-�;7=Y1?.0)2=�;7.
&'6
+<-/.�.	=<+Z)21?-�.	(�)2N
&�.Â)2N�-/(7=C+<634	(*)7=<;7=�GÕ)7-/@/=�)7N	=<;|M08�-�)7N	=<;|13B\T	4R)�&')71?-/.�BC=�)7N	-RG�(C��&�6�Q
)2N	-�4	@/N�)2N	=Z8A;7=�638I-�. âRÀ�&�63@/-/;*13)2N�B )7N
&')])2&�O�=�(C)7N	=q.	=�)iKn-/;7O�13.0)2-Â&�+�+<-/4	.0)��Zk��[)
;7=Z$/=>&'6?(�)7N
&')~)7N	=HK�&�8,â�À
B\13(7(zG	=>&'6?(�KY19)2NJBC1?(*(71?.�@�-/M	(*=<;e$�&o)21?-�.	(�13(~+<=�;*)�&'1?.	698�B\-/;*=
&�T	T	;*-/T	;*1y&')7=�k"�sN	1?(m1?(H+�-/.	(*1?(*)7=<.0)�KY13)7Nu)2N�=�(7T	&')21?&�6�T	&�;2&�BC=�)7=<;

β
-'D�-/4	;HBC-5G	=<6�W

β

1?(Y=<(e)213Bd&')7=<G,)2-
0.41

^	KYN	1?+�N�B\=<&�.	(Y)2N
&o)s)2N	=E.	=<13@/N�M�-�4	;7N	-5-5G�T�6y&>85(H&](713@/.	19�
+>&�.0)
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;7-/63=�k

�sN	=Y+<634	(*)7=<;7(�;*=<631y&�M	136?19)i8�+>&�.�M"=sV�4
&�.0)219�
=<G�4	(*1?.	@/\mfZÇcf�]~Ç
giÌoÒ?Ì7�N	J����}P^'�sN	=v�|=�.	=
}U.�)7-/6?-�@�83��-/.	(7-�;*)2134	BÑ�����/�/�/�7�X)7=<;*B\(t;*=<T	;*=<(*=<.0)�&')713$�=<.	=�(7( DF-R+�4	(713.	@ -/.P)2N�=sM	1?-/63-/@'Q
1?+<&�6�T	;7-5+<=�(7(m4	.	G	=�;H(*)74	G�8"W�8/=>&'(*)U+�=<636�+Z85+<6?='k��sN	=�BC-/;7=��E} )2=�;7BC(mT�;7=<(*=<.0)U13.�)7N	=
G
&')2&m(7=Z)�&�;*=n(*N
&�;*=<GPM08E@/=<.�=<(_13.E)7N	=�(7&�BC=z+�6?4	(e)2=�;<^�)2N	=zB\-�;7=sÓ�fZÇ�ÓZÅÖg�ÅÖÍ�fc)2N	=zB\=Z)2N	-5G
1?(�kR�sN	=�BC-/;*=m)2N�=

9
+<634	(*)7=<;*(s1?(7-�6y&')7=mG	19ác=�;7=�.�)~T
&�;*)7(~-�D��E}P^5)7N	=�B\-�;7=EÓiã
f�hZÅ 6~ht)2N	=

B\=Z)2N	-5Gq1?(�k

F ��&�M	63=]�E&�M�-�4�)YN	=<;*=�kHG

À
-/;~=>&'+�Nu�E} +>&')7=<@/-�;*8/^	&�)2=<(e)Y1?(~T"=<;eDF-/;7BC=<G\)2-]G	=Z)2=<;*B\13.	=HKYN	=Z)2N	=�;s)2N	=U+<&')2=�@/-/;e8
1?(z-�$/=<;ïQi;*=<T	;*=<(7=�.0)2=<G�1?.\=>&�+�Nd+<6?4�(*)2=�;<kRàm.	G�=<;eQ[;7=�T	;7=�(7=<.0)2&')213-/.,+>&�.dM�=v)2=<(e)2=�Gq&�(zKn=<636
M	4�)X19)2(X&�.
&'6385(713(a1?(�.	-')�T	;7=�(7=�.�)7=<GPN�=<;7=tDF-�;�M	;7=Z$R19)i8U;*=>&�(*-/.	(<k��_QS$�&'6?4	=�(�1?.���&�M	6?=s�z&�;*=
+<-/BCT	4�)7=<G,KY13)7N,)2N	=EÀt�UÔÜ+<-/;*;7=<+Z)213-/.q-�D�Ù�=<. � &'B\13.	1a&�.�Gwlv-R+�N�M"=<;*@{�ï���T�0ê/��KYN	1?+�N
1?(UKY13G	=<698�4	(7=�GI&�.�GÁN	&�(�T�;7-�$/=�.Ä13)7(�=�rC+<13=<.	+Z8/k�¿�=<;e8�6?-�K^�tQS$'&�6?4	=]13.	G	13+>&')7=<(U)2N	&')
)2N	=�)7=<(*)7=<Gu��}ô)2=�;7Bç13(s-�$/=<;ïQi;*=<T	;*=<(7=�.0)2=<Gu1?.J)2N�=�&'.
&�6385b�=<Gq+<634	(*)7=<;<^�&'.	G,)2N	=�;7=�DF-�;7=
)2N
&o)m)7N	=P&�63@/-/;*13)2N�Bç(74�+<+<=�(7(eDF4	6?698u@/;*-/4	T"=<G{@�=<.	=�(H(7N	&�;713.	@\)7N	1?(vM	1?-�6?-/@/13+>&�6"DF=>&')74	;7='k
À
-/;|+<6y&';713)i8�^cKn=d-/.	698�+<-�B\T
&';7=�1?.Á�_&'M	6?=q�d-�4	;�â�À
B\13(7(E&�6?@�-/;719)2N	Bì)2-w�e�{� KY19)2N
B\13(7(*1?.	@�G
&o)�&A��îz�wBC1?(*(<^�(*=<=�×�13)7)76?=d&�.	G¾Ôv4	M�1?.��S�'�/�0�/�*�Z^t&'.	G�)2-ÁlU�uÔvÀôB\-5G	=�6
KY13)7NxT	;713-/;,�|�H�%13B\T	4R)�&')71?-/. � ¶Nà4? C ABA �Zks}U)7N	=<;J)7=<(e)2=<G�1?BCT	4�)2&')213-/. BC=�)7N	-5G	(
�!BC=>&�. 13B\T	4R)�&')71?-/.a^ �t´ � Å ^ ¶'³ ß k9k3ké�JG	1?G .	-')w@�13$/=ÂM"=�)*)2=<;q;*=<(74�63)2(�ks#HT
&';*)qDF;7-/B
DF=�K =Z`R+<=�T�)213-/.	(w��&'(]+<6?4�(*)2=�;

k = 8
�Z^_�tQS$'&�6?4	=�(]-�Dv�_&'M	6?=��,(*4	@/@/=�(*)�)2N
&o)\â�À
B\13(7(

&�6?@�-/;719)2N	B T"=<;*DF-�;7BC(CM"=�)*)2=�;\&o)�@/;7-/4�T	1?.	@Â@/=�.	=<(]KY19)2N�(71?BC1?6?&�;�&�.	.	-�)2&')213-/.	(P)7N
&�.
-�)2N�=<;v&�6?@�-/;719)2N	BC(<^"Å!j!f<j�13(sB\-�;7=U(*=<.	(*13)219$/='k

#H.	-')2N	=�;P.	1?+�=\DF=<&')24	;*=d-�DY-�4	;]â�À
BC1?(*(P&�63@/-/;719)2N	BL1?(|)2N
&')�13)�G	-R=�(�.	-')]-/.	698Â(74	B]Q
Bd&';71?b�=�O�.	-�KY.{M	1?-�6?-/@/13+>&�6"O�.	-�KY6?=�G	@/=�M�4�)v+>&�.w@/13$�=EG�1?;7=�+�)71?-/.	(sDF-/;YT	4R)�&')713$/=|DF4	.	+pQ
)213-/.	(U-/.�+�-/BCT�-/.�=<.0)2(�-�Dz6313$51?.	@\-/;7@/&�.	1?(*B\(mM
&�(*=<GÂ-/.{)2N�=]+<6?4�(*)2=�;713.	@,;7=�(74	69)2(<kaÀ�-�;

���

Page 18 of 31

Mary Ann Liebert, Inc., 140 Huguenot Street, New Rochelle, NY 10801

Journal of Computational Biology

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

&�G�=�)�&'1?6?=�GÂ=Z`�&�BCT	6?='^�@/=<.	=�(
ydl105w

^
yer111c

^
ykr077w

^
yjl196c

^
ylr212c

&�.	G

ynl082w
&�;7=m&�636
+<6y&'(7(719�
=<G\1?.C+<634	(*)7=<;

1
M08dâ�À
B\13(7(<^/KYN�=<;7=<&�(n)7N	=<;*=U&�;*=mG�1?(7T	&')2+�N	=�G

1?.u$'&�;*1?-/4�(U+<634	(*)7=<;7(�M08{în��B\13(7(<kcÙ�4�)E&�636�-'D�)2N	=�B%&�;*=]M	;7-/4�@/N0)�1?.0)2-dT	6y&>8wG	4	;713.	@
+<=�6?6z+�85+<63=JT	;7-5+<=�(7(*=<(<W_B\19)2-�)71?+�(7T	13.	G	63=d+<-�B\T	63=Z`Á;*=<T
&�13;,�

ylr212c
�U-/;P����Þ/âÂ)7;2&�.RQ

(719)21?-�.u-�D�)7N	=PBC13)2-')21?+E+�85+�6?=q�
yer111c

�sDF-/;m=Z`�&�BCT	6?='k
ykr077w

1?(H&�.	.	-�)2&')2=�GÂ&�(�&
T	4�)2&')219$/=U)2;7&�.	(*+<;713T�)213-/.,&�+Z)219$�&o)2-/;�k	}U4	;~BC=�)7N	-5G,(74	@/@�=<(*)7(s)2N
&')�)2N	13(s&�.	.	-')�&')71?-/.J13(
DF4	6?698|+<-/N�=<;7=�.0)�&�.	G�)7N
&')�)2N	13(�@/=�.	=~T	6?&>8R(_&HO�=Z8�;*-/6?=z=<19)2N	=�;t&�(_&H+<=�6?65+�85+<63=�;*=<@/4	6?&')2-�;
-/;Y&�(v&];7=�@/4	6y&o)2=<Gq@/=�.	=|-�D_)7N	=�T	;*-R+�=<(7(�k

í =u+>&�.x&'6?(7-Ä1?6?634	(*)7;2&')7=,)2N	=�&'G�$'&�.0)�&�@/=w-�DE&�+�+<-/4	.0)71?.	@ÄDF-�;dBC1?(7(*1?.	@Â$'&�6?4�=<(d13.x&
4	.	19)2=<G{D!&'(7N	13-/.Â&�(�+<-�B\T
&';7=<G{)7-,T	;713-/;m�	6?6?13.	@'Q[1?.qKY13)2N���;7-�8/&�.	(7Oo&>80&�=�)|&'6Sk������/�����
�|�H�m13B\T�4�)2='kc��=<.�=<(

ybl002w
^
ygl093w

&'.	G
ypl269w

M�=�6?-/.	@C)2-qâRÀ�BC1?(*(Y+<6?4�(*)2=�;

4
&�.	GÕ&�;7=�G	13(7T
&')7+�N	=<GÕ1?.�$'&�;713-/4	(|+<634	(*)7=<;*(EM08�C ABA@?s¶Nà kX�sN	=�1?;E&�.	.	-')�&')71?-/.	(|&';7=

Bd&'O513.	@v(7=<.�(7=�KYN	=�.P+<-�B\T
&';7=<GEKY13)7N�)2N�-/(7=n-�D	)2N�=<1?;�+<634	(*)7=<;�&�.	G�+<-/.��	;7B &mT"-/(7(*1?M	63=
DF4	.	+Z)21?-�.
&�6�G	=<(*+<;*1?T�)71?-/.�-�D�)7N	=�+�6?4	(e)2=<;�W'+�N�;7-/B\&')213.�&'(7(7=�BPM	698/^o;7=<V�4	13;7=�G�DF-/;�&�+<+�4	;2&o)2=
+�N	;7-�B\-/(*-/BC=m(*=<@/;*=<@0&')71?-/.\6?-5+>&�631?b�=<G�)2-�)7N	=H.�4	+�6?=<&�;�(*1?G	=m-�Da)2N�=U(7T	13.	G	63=mT"-/6?=vM"-RG�8
&�.	GÕ;7=<V�4	13;7=�GÕDF-/;|+�8�)7-/T	6y&'(7BC1?+�B\13+<;*-�)24	M�4	6?=P-�;71?=�.0)�&')71?-/.Â1?.Â8/=<&�(*),�!T"-/6y&';71?b<&')213-/.��
;7=�(7T"=<+�)713$�=<638�k

�sN	=]1?.0)7=<;7T�;7=�)2&')213-/.{-�Dz+�6?4	(e)2=<;*(UKYN	=<.Â+�-/B\T	&�;7=�G{)2-J)2=�B\T"-/;7&�6�+�6y&�(*(7=�(�-�D�)2N	=]+�=<636
+�85+<63=������/^zâ"^�â�Þ/���5^z���/Þ�� &�.�Gx�{Þ/�]�/^nâRT"=<636?B\&�.A=�)d&�6Skv�ï���T�/ð0�*��=<BCT	N
&�(*1?b�=<(
)2N	=�(*T�=�+<19�
+<19)i8,-�DX)2N	=�â�À
BC1?(*(s&�6?@�-/;719)2N	B�^0-/M	(*=<;*$�=<G�)2-C&]6?=<(*(7=�;s=Z`5)2=�.�)m1?.,+�6?4	(e)2=�;7(
;7=�(74	69)21?.�@EDF;*-/Bý-�)7N	=<;n&�6?@�-/;719)2N	BC(<kT��6?4	(e)2=<;

0
1?(z&�6?BC-/(e)�=<.0)213;7=<698]1?.�+<6?4�G	=<G\1?.dâRT�=�6?6�Q

Bd&'.P=�)t&�6Sk��e���N�/ð0�����/Þ�� @/;7-�4	T]&�.	G]+�6?4	(e)2=�;
1
13(�13.���� � 4	(*)�631?O'=n+�6?4	(e)2=<;

5
kT��634	(*)7=<;

2
1?.	+�6?4	G�=s@/=<.	=�(�;7=<@�4	6y&')7=<G�1?.�6?&')2=v�E�R^0�ì&�.	GC=>&';7638]���sT�N
&�(7=�(U�FV�4	13)7=sM	;7-0&'Ga^0+<=�;eQ

)�&�13.	638]&�;7=<&�(7-�.dKYN08d.	-�(7T"=<+�13�
+vDF4	.	+�)71?-/.\1?(zN	1?@�N	6?13@/N0)2=<GC1?.�)2N�1?(�+�6?4	(e)2=�;��Zk`��634	(*)7=<;

3
13(�(*1?BC1?6?&�;aM	4�)�KY13)7NP&�.�=>&�;*6?13=<;X(*)2&�;*)<kN��634	(*)7=<;

8
1?(XDF-5+<4	(*=<GP-/.P�qQi;*=<@/4�6y&')7=<G�@�=<.	=�(<k

��6?4	(e)2=�;
4
(7N	-�KY(z13)2(�)2=<BCT"-/;2&�6RT�=<&�O�13.\â]T�N
&�(7='k�×X&�(*)7638/^'+<634	(*)7=<;

6
N
&�(�B\&�.08P@/=�.	=<(
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DF;7-/BÑ=<&�;7698u���])2-,�Ák��sN	=�(7=]13.�)7=<;*T	;7=Z)�&')71?-/.	(m&�;*=�+�-/;7;*-/M�-�;2&')7=<Gu19DtKn=P1?.0$/=�(*)71?@0&')7=
)2N	=�=Z`RT	;*=<(*(71?-�.:T	;7-'�
6?=�(�DF-�;\=<&�+�N BC=>&�.�1?.	@�DF4�6~+<634	(*)7=<;<kzî_`�&�BCT	6?=�(\-�DH(74	+�N:&�G	G	1�Q
)213-/.
&�6"=�$51?G�=<.	+�=<(Y&�;*=U@/13$�=<.J13.,À_13@/4	;7=mØ	k5�sN	=<(*=ET�;7-��
63=<(�&�;7=H$�=<;e8J(713B\136y&�;�)7-�)2N	-�(7=
-/M�)2&�1?.	=�Gq1?.�À_1?@�4	;7=UØu�>�H^	���~M�8���N�-\=Z)H&'6Sk��ï���T�/ð/�zDF-/;Y&�.	.�-�)�&')7=<G�@/=<.�=<(<k

F À�1?@/4	;*=�ØC&�M�-�4�)YN	=<;*=�kHG

×X&�(*)EM	4�)E.	-')�63=>&�(e)�K�=�Kn-/4	6?GÁ6?13O�=P)7-�T�;7=<(*=<.0)]&'.	-�)2N�=<;|Bd& � -/;|&�G�$'&�.0)�&'@/=]-�D~-�4	;
&�T	T	;*-0&�+�NaW
19)s;7=�(7T"-/.	G	(sKY19)2Nq&]BP4	+�N�@/;7=<&')2=�;s6?=Z$/=<6c-�D_(e)�&�M�1?6?19)i8�)2N
&�.q-�)7N	=<;s)7=<(*)7=<G
B\=Z)2N	-5G	(�KYN	=�.Õ)2N�=\.�4	BPM"=<;E-�D�-/M	(7=�;*$�=<GIG
&o)�&qG	=<+�;7=>&'(7=<(�k��sN�1?(|1?(|1?636?4	(e)2;7&')2=�G�1?.
À_1?@�4	;7=JêRk_#sG	G�13)213-/.
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