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Abstract: Stochastic differential equations provide a useful means of intro-
ducing stochasticity into models across a broad range of systems from chem-
istry to population biology. However, in many applications the resulting equa-
tions have so far proved intractable to direct analytical solution. Numerical ap-
proximations, such as the Euler scheme, are therefore a vital tool in exploring
model behaviour. Unfortunately, current results concerning the convergence
of such schemes impose conditions on the drift and diffusion coefficients of the
stochastic differential equation, namely the linear growth and global Lipschitz
conditions, which are often not met by systems of interest. In this paper we
relax these conditions and prove that numerical solutions based on the Euler
scheme will converge to the true solution of a broad class of stochastic dif-
ferential equations. The results are illustrated by application to a stochastic
Lotka-Volterra model and a model of chemical auto-catalysis, neither of which
satisfy either the linear growth nor the global Lipschitz conditions.
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1 Introduction

Consider stochastic differential equations (S.D.E.s) of the form
dx(t) = f(x(t))dt + g(x(t))dB(t) (1.1)
where

v = (21, 20)" , f@) = (@), s fu(@)", 9(2) = (955(2) Jnsm

and B(t) is an m-dimensional Brownian motion defined on a given complete
probability space (2, F, P) with a filtration {F; };>¢ satisfying the usual condi-
tions (i.e. it is right continuous and Fy contains all P-null sets). The solution
to (1.1), z(t), is a member of the open set G C R™ for t € [0, 7] and initial
value zy € G. That is, G is an invariant set of equation (1.1). We note that
G is often the positive cone R} = {x € R" : © > 0} or the whole Euclidean
space R". The solution z(t) is to be interpreted as the stochastic integral

x(t) = xo + /Ot f(z(s))ds + /Otg(x(s))dB(s), (1.2)

in the It6 sense. Equation (1.1) represents one method in which stochasticity
may be introduced into the deterministic model

i(t) = f(z(t)).

In general, system (1.1) is analytically intractable (see for example Mao,
1997), and therefore numerical approximation schemes such as the Euler (or
Euler-Maruyama) approximation are invaluable tools for exploring its proper-
ties. Most existing proofs of the convergence of the such numerical schemes
(Kloeden and Platen, 1992; Mao, 1997; Skokorod 1965) rely on the following
conditions:

(Linear growth) there exists a positive constant L such that

| fla) PV | g(@) P< L+ |2 ) (1.3)
and, (Global Lipschitz) there exists a positive constant L such that
| f(2) = fy) PV ] g(x) —gly) P< L]z -y (1.4)

For all x € R™.
Unfortunately these conditions are often not met by systems of interest.
For example, consider the stochastic Lotka-Volterra model

dz(t) = diag(z1, ..., 2, (1)) [Ax(t) — 2)dt + o(x(t) — 7)dBE)];  (1.5)



where

z(t) = (2, --~7513n(t))T , T = (21, -~-@n)T s A= (aij)nxn s 0 = (0ij)nxn

and B(t) is now a scalar Brownian motion. This is of the form (1.1) with
f(z) = diag(xy,...,z,)A(x — z) and g(z) = diag(xy,...,x,)o(x — Z). It is
straightforward to see that neither the linear growth condition nor the global
Lipschitz condition will be satisfied by this system. The properties of the so-
lution z(t) = z(t; zo) to equation (1.5) are discussed in detail by Mao, Marion
and Renshaw (2000). Here we discuss numerical approximations to a class
of S.D.E.s including this system, but note that our approach developed from
initial studies of the numerical solutions of (1.5). In particular, we show that
under certain conditions, weaker than (1.3) and (1.4), the Euler scheme ap-
plied to system (1.1), converges to the analytic solution x(¢), and in doing so
bound the order of this approximation. We note that others have also weak-
ened these conditions. Yamada (1978) relaxed the global Lipschitz condition,
whilst Kaneko and Nakao (1988) have shown that the Euler approximation
converges, in the strong sense, to the solution of the stochastic differential
equation whenever path-wise uniqueness of the solution holds. However, both
results require the linear growth condition whilst the latter provides no infor-
mation on the order of approximation.

In Section 2 the Euler approximation is introduced and we state Theorem
1, namely that, under certain conditions, the Euler approximate solution con-
verges to the true solution for system (1.1). This result is proved in Sections 3,
4 and 5. Section 3 demonstrates that the Euler approximate solution will con-
verge to the true solution z(t) if both remain within a compact set. A compact
set appropriate to our needs is introduced in Section 4; the escape times from
this set, both of z(t) and the approximate solution, are bounded in probabil-
ity. These results are brought together in Section 5 to prove our convergence
result of Theorem 1. Finally, Section 6 applies this result to two interesting
models, namely the Lotka-Volterra system (1.5) and a model describing an
auto-catalytic reaction system.

2 The Euler Approximation

For system (1.1) the discrete time Euler approximation on ¢t € {0, At, ..., NAt =
T} is given by the iterative scheme

war(t + At) = zay(t) + f(zact) Al + g(zad(t) AB(1) (2.1)

with initial value 22;(0) = x¢. Here the time increment is At, and the AB(t) =
B(t+ At) — B(t) represent N independent draws from an m-dimensional Nor-
mal distribution whose individual components have mean zero and variance



At. We will prove the following useful convergence result.

Theorem 1 Let G be an open subset of R™, and denote the unique solution
of (1.1) for t € [0,T] given xy € G by x(t) € G. Define xa(t) as the Euler
approzimation (2.1) and let D C G be any compact set. Suppose the following
conditions are satisfied:

(i) (local Lipschitz condition) there exists a positive constant Ki(D) such

that z,y € D

| fx) = f(y) PV ] g(x) — gly) P< Ki(D) |z —y %

(ii) there exists a C?-function V : G — Ry such that {x € G : V(z) <r}

1s compact for any r > 0;
(11i) LV (x) < K(1+4 V(x)) where
LV (@) = Vala) (@) + Strace [g" (0)Vaa(2)g(2)]
is the diffusion operator associated with (1.1);
(iv) there exists a positive constant K3(D) such that for all x,y € D
[ V(@) = V(y) [V [ Va(z) = Va(y) [V [ Vielz) = Vaaly) [< Ks(D) |2 =y | .

Then for any €,0 > 0 there exists At* > 0 such that

Pr ( sup | 2aclt) - a(t) 2> 5) <

0<t<T

provided At < At* and the initial value xg € G.

In order to prove this result it is useful to note that if condition (i) holds
then there exists a positive constant Ky(D) such that for z,y € D

| f(2) | V] g(z) P< Ka(D). (2.2)
Furthermore, we shall rewrite z,(t) as the integral
t t
wailt) =20+ [ fas()ds+ [ glas(s)dBls). (23
where we have introduced the piecewise constant process

Ear(t) = Spizac((k — DA - 1yackan (1), (2.4)



and I, is the indicator function for set A. Expression (2.3) extends the defi-
nition of the Euler scheme to all ¢ € [0,7], and may also be expressed in the
stochastic differential form

dxAt@) - f(@At(t))dt + g(fAt(t»dB(t)a (2‘5>

with initial condition z,(0) = x¢ € G.

3 Convergence of the Euler scheme

To proceed we consider only trajectories x(t) and xa,(t) which remain within
a bounded region D. To achieve this, introduce the stopping time 7 = p A 0
where

p=inf{t >0:2x(t) ¢ D} and O=inf{t >0:z(t) ¢ D}

are the first times that za.(t) and x(t), respectively, leave D. We will define
D more precisely later.

Let Ty € [0,7T] be an arbitrary time. Then subtracting (1.2) from (2.3),
applying the inequality | a +b [?°< 2| a |* +2 | b |2, taking the supremum over
t € [0, 7 ATy, and then finally the expectation, leads to

E| sup |zai(t)—x(t)?

0<t<TATY

<98 sw | [ [fEads) ~ Sl ds? (31)

0<t<TATY

128 sup | [ [o(Eads) — (o (s))] dBG)

0<t<TAT

The Holder inequality shows that
t TNATY

2B sup || [f(Zai(s) = f(2(s))ldsP< 2T E | | f(Zar(s) = f(2(5))[*ds, (3.2)

0<t<TATy J0

whence applying the well-known Doob inequality (c.f. Theorem 1.7.2, Mao,
1997) to the second term of (3.1) leads to

28 sup | ['lg(as() (o (s)))dB(s) < B Tolia(s)) ~gla(s) P ds. (33)

0<t<tNTy

If the coefficients of (1.1) are locally Lipschitz continuous (i.e. satisfy condition
(i) of Theorem 1), then since both z(s) and za;(s) are bounded we may write

| f(@ad(s) = f(2(s)[* V [g(@ae(s) —g(x(s)) ’< Ki(D) |2ar(s) —x(s) [ (3.4)



for s € [0,7 A T}]. Substituting (3.2), (3.3) and (3.4) into (3.1) then reveals
that

E| sup |zai(t) —x(t) |2]

0<t<TATY

< 2K\(D)(T + 4) E/OTATI | Fac(s) — a(s) 2 ds
= (DT +YE [ | Sails) — wan(s) + a(s) — a(s) |? ds
< AR@T+E [ (Iaas) — ails) P+ | ails) = 2(s) ) ds

< 4K(D)T+4)E [ T Gaal(s) — wac(s) P ds

0<s'<TAs

+4K,(D)(T + 4) /0T1 E [ sup | xa(s’) — x(s) |21 ds. (3.5)

Bounding the first term on the right-hand side of (3.5) and then applying
the Gronwall inequality leads to a bound on E {SUPogtgr/\T | za(t) — z(t) |2}

Inspection of (2.4) reveals that Ta:(s) = xai([s/At]At) where [s/At] is the
integer part of s/At. We can now use (2.3) to show that

|Zar(s) =z au(s) P=]zarl[s/ At]AL) =z ai(s) |
=1 [ oy Fanills/ AN du + [ o5/ AAD)B()
<2 | fzae([s/AtJAL)) [P At? + 2| g(zai([s/ At]AL)) || B(s) — B([s/At]At) |?
< 2K, (D)A# + 2K,(D) | B(s)— B([s/At]AL) 2.

Note that the last line follows provided s € [0, 7 AT}] and condition (2.2) holds.
If TAt < 1 this inequality leads to

AT
E / | Zac(s)—aac(s) [2ds < 2Ka(D)TL AL
0

+21,(D) | "B | B(s)— B([s/ M)A | ds

2K5(D)T At + 2Ko(D)TymAt
2K,(D)(mT + 1)At (3.6)

IA A

(recall that our Brownian motion has dimension m). Using this result in (3.5)
shows that

E| sup |za(t)—z(t) ]2] < Ci(D)At

0<t<TATy B

0<r<tAs

—|—C'2('D)/OT1E[ sup |xas(r)—z(r) | ds



where C(D) = 8K (D)Ky(D)(T + 4)(mT + 1) and Cy(D) = 4K, (D)(T + 4).
On applying the Gronwall inequality we then have the following theorem.

Theorem 2 If 7 is the first exit time of either the solution xz(t) or the
Euler approzimate solution xai(t) from a bounded region D, and f(x) and
g(x) satisfy condition (i) of Theorem 1, then for AtT < 1

E| sup |zadt) —z(t) 2| < CuD)eDPITAL = 0(D)AL
0<t<TAT

Thus, as long as za;(t) and z(¢) remain in D the Euler scheme za;(t) converges
to the solution z(t) of equation (1.1) as At — 0.

4 Characterising stopping times
To proceed further we define the bounded domain
D =D(r) ={z € G such that V(x) < r}.

In order to prove Theorem 1 we will determine the probability that both xa4(t)
and z(t) remain in D(r). To do so we assume the existence of the non-negative
function V' (x) satisfying condition (ii) of Theorem 1. Since x(t) is governed by
equation (1.1), applying Itd’s formula to V' (z(t)) yields

dV (z(t)) = LV (x(t)) + Ve (z(t))g(x(t))dB(t).

Integrating from 0 to ¢ A # and taking expectations gives
tAO
B[V (x(t A 8)] = V(z0) + E/ LV (x(s))ds.
0

Whence applying condition (iii) of Theorem 1 leads to

tAO

E[V(z(tAB)] < V(xo)JrKE/O (14 V(x(s)))ds.

< (V(zo)+ KT) + /Ot E[V(xz(sA0))]ds
< (V(Io) + KT)GKT.

The last line follows on application of the Gronwall inequality. On noting that
V(z(0)) = r, since x(#) is on the boundary of D(r), the probability p(6 < T')
can now be bounded as follows.

(V(wo) + KT)eXT > B[V (x(t A 0)

E[V(2(0)) o<1} (w)]

rE[ljg<ry(w)]

rP(0 < T), (4.1)

AVARAVAR AVAR V]



whence rearranging (4.1) leads to
PO <T)< (V(xg) + KT)e" " Jr =& (4.2)

Here r can be made as large as required, for a given T and g, to accommodate
any € € (0,1). Theorem 3 now follows immediately.

Theorem 3 If 0 is the first exit time of the solution x(t) to equation (1.1)
from the domain D(r), and a function V(x) exists which satisfies conditions
(11) and (iii) of Theorem 1, then

PO>T)>1—-¢
We note that the following useful result follows directly from Theorem 3.

Lemma 4 Let 6 be the first exit time of the solution x(t) to equation (1.1)
from the domain D(r), and let the coefficients of (1.1) satisfy condition (i) of
Theorem 1. If a function V(x) exists which satisfies conditions (ii) and (iii) of
Theorem 1, then the limit of lim,_., D(r) = G and, fort € [0,T] and xy € G,
x(t) remains in G. Furthermore, x(t) is the unique solution of equation (1.1)
ont € [0,T] for all finite T

In order to prove this, first note that if the coefficients of (1.1) are lo-
cally Lipschitz continuous then there exists a unique local solution z(¢) on
t € [0, 7.] where 7, is some random explosion time (cf. Arnold, 1972 or Mao,
1997). Since D(r) is an increasing set (with r) lim, ., D(r) = U2, D(r) C G.
Suppose that lim, .., D(r) # G, then there exists some x € G such that
x ¢ U2, D(r). However, if x € G then V() < co and there exists an r > 0
such that V(x) < r, which implies that x € U2, D(r) and therefore that
lim, ., D(r) = G. Now by Theorem 3 the probability of escape from the set
lim, o D(r) in any finite T is zero. Thus z(¢) must remain in G for any finite
time, and lim, ., D(r) identifies the invariant set G C R" of Theorem 1. Since
G C R™, this implies there will be no explosion in any finite time, and so z(t)
is unique on any finite interval ¢ € [0, T].

We require a similar result to Theorem 3 for the Euler approximate solu-
tions za¢(t). Noting that za.(t) is the solution to (2.5), and applying the It6
formula to V(za:(t)) yields,

dV(zat)) = |Ve(ra())f(@a:(t)) + ;QT( ((O))Vau(220(1))9(2ae(1)) | dt
B

+ Va(wad(t)g(Eac(t))dB(t)
= LV(@2ar(t) + [Va(zai(t)) = Va(Zar(0)] f(Za:(1))dl



+ %QT(iAt(t)) Voo (zae(t)) — Vaa (Zae(t))] 9(Zac(t))dt
+ Val(wa:(1)g(2a:(t))dB(1).
Whence on applying condition (iii) of Theorem 1 we obtain
dV(za(t)) < K1+ V(Za:®)) + [Va(zac(t)) — Val@ac(t))] f(Zac(t))dt
+ 307 (ad0)) Veamad(t)) — Ve e (0)] 9 (0)

+ Valzae(t))g(Zac(t))dB(t)
< K14 Vieat) dt + K [V(&ai(t)) = V(wat))] dt
)

[
+ [Va(zad(t)) = Va(@ar(®))] f(£a:(t))dt
+ %QT(@m(t)) Vaa(2ae(t)) = Vaa(Zar(t)] g(Zac(t))dt
+ Valzae(t))g(Zac(t))dB(2).
Integrating from 0 to p At and taking expectations gives
B[V (zalp A1) <V (x0) + KE /pM L+ V(zad(s))) ds

p/\t

+ KE / V(@ai(s)) = V(zar(s)] ds

L E / " Va(wan()) = Valoa()] £ (ails))ds

5 [0 (ar(9)) Ve 2ad()) = Vi ()] 92 a(5)) s
<V (x0) +KT+K/O V(zads A p))lds

+ KB [ V(aads) — Vieads) | ds

B [ Vradls) — Valarl)) || F(iae(s)) | ds

1

438 [ g080(9)) 1 Varone(5))  Viliaa(s)) | s,

and invoking (2.2) and condition (iv) of Theorem 1 leads to
B[V (zarlp At)] < Vizo)+ KT + (K + Ky/*(D) + Ky(D)/2)

PAL

x Kg(D)/ E [2a:(s)—2ns(s) | ds

+ K/ V(za(p A s)
The bound

PAE 1/2 A 41/2
; E |Zat(s)—zat(s)] ds < (2Ko(D)T'(mT + 1)) /7 At?,



follows from Hélders inequality and equation (3.6) for ¢t € [0,7] and AtT < 1.
Thus

E[V(zarlp At)] < Vizo)+ KT + (K + Ky/*(D) + K5(D)/2)
x K3(D) (2Ko(D)T(mT + 1))"/? At'/?
t
+ K/ E[V(zat(s A p))lds.
0
Whence, on applying the Gronwall inequality,
E[V(zapAT))] < (V(zg) + KT)eXT + H(D)AtY?,

where H(D) = eXT(K + K3/*(D) + K2(D)/2)K3(D) (2K»(D)T(mT + 1)),

An argument analogous to that used to prove Theorem 3 can now be used to
bound P(p < T). Since za:(p) is on the boundary of D(r) then V(zai(p)) =r
which leads to

(V(xo) + KT) eXT + H(D)At'/? E[V(z(p AT))]
E[V(z(p)) I{p<ry(w)]
rE[lp<r)(w)]

rP(p <T).

AVARAVAR AVAR LV

Rearranging this inequality and defining H(D) = H(D)e 5T /(V (x4) + KT)
reveals that

P(p<T) <é(1+H(D)AH?),
where € is defined in equation (4.2). This proves the following theorem.

Theorem 5 Let p be the first exit time of the Euler approximate solution
(2.3) from the domain D(r). Then if f(x) and g(z) satisfy condition (i) of
Theorem 1 and there exists a function V(x) which satisfies conditions (ii)-(iv)
of Theorem 1 then (for sufficiently small At)

P(p>T)>1-¢(1+ HD)A?).

The significance of Theorems 3 and 5 is that both x(t) and za.(t) remain
within the domain D(r), and therefore by Theorem 2 the Euler scheme will
converge to the solution x(t), with probability

P(r<T)<P(p<T)+P(s <T)<é(2+ HD)A'?). (4.3)

To prove Theorem 1 we will pursue this argument more rigorously.



5 Convergence in probability

Introducing the event sub-space

Q= {w: sup | xa(t) — x(t) ]22 S},
0<t<T

and using Theorem 2, we find that

c@at > B s ralt) (0 7]

o L0<t<TAT

> E|Ipsry(w) sup | zat) — x(2) |21
I 0<t<T

> E |Izsry(w) gy (w) sup | zac(t) — o(t) |2]
I 0<t<T

> 0 B[l (@) gy w)]

= 5P((7’2T)HQ)
> §[P(Q)-P(r<T).

Whence on using (4.3) we conclude that

C(D)
—5 A

P(Q)=p ( sup | wag(t) — a(t) [*> 5) < 2+ éH(D)AY? +
0<t<T
which, for appropriate choice of At, proves Theorem 1. It is clear that to
increase the precision ¢ then At should be reduced. However, it is interesting
to note that to leading order the bound on P (Q) is independent of . Fur-
thermore, to achieve a given precision with increased probability, At should
also be reduced. This is because the domain D(r) grows as € is reduced (recall
that 7 o< 1/€), and in general H(D) and C(D) will increase with the size of
the domain.

6 Two particular models

6.1 Lotka-Volterra model

For the Lotka-Volterra system (1.5) the functions f(z) and g(x) satisfy con-
dition (i) of Theorem 1. Mao et al. (2000) show that a suitable Lyapunov
function for this system is

V(z) =31 ¢ixih (v %) where h(u) =u—1—1In(u), (6.1)



for n positive constants ¢y, ..., c,. This function satisfies conditions (ii) and
(iv) of Theorem 1, whilst it is straightforward to show that

LV(z) = —%@(t) _ BT H(x(t) — 7) (6.2)
where
H=—-CA— ATC — o"diag((c171, ..., Cuin)0 (6.3)

and C' = diag(cy, ..., ¢,). Thus, if the n positive constants cy, ..., ¢, can be found
such that the symmetric matrix H is non-negative definite then it follows that
LV(xz) < 0 and condition (iii) of Theorem 1 is satisfied. Finally, we note
that under this condition, Theorem 1 of Mao et al. (2000) shows that for any
o€ R ={x € R* :a; > 0forall 1 <i<n} xz(t) € R} for all t > 0 almost
surely, and furthermore that x(t) is unique. Therefore, when H is non-negative
definite for any zo € R%, the Euler scheme will converge to the true solution of
(1.5) in the sense of Theorem 1, provided that the time step At is sufficiently
small. Mao et al. (2000) make extensive use of simulations of (1.5) to confirm
analytic results and to explore model behaviour in regimes not amenable to
analysis. Since these simulations are based on the Euler scheme the results of
this section support the numerical results in that earlier paper.

6.2 The Quadratic Autocatylator

Many catalytic systems can be formulated in terms of S.D.E.s. One such
example is the quadratic autocatylator which models the catalytic reaction

A+ B — 2B.

If these reactions occur in a large volume, in well mixed conditions and in the
absence of environmental noise, then the concentrations of A and B particles,
a(t) and ((t), may be described by the deterministic equations (Marion et al.
2000)

da(t)/dt = (ap— a(t))v — ka(t)5(t)

dp(t)/dt = ra(t)B(t) — (Kb +v)B(t)
where the parameters «q, k, K3, v > 0. There are many ways in which envi-
ronmental noise may be introduced into this system, but one simple approach

is to assume that the parameter K, — K, + 0B (t) is perturbed by noise. This
gives rise to the stochastic differential system

da(t) = [(ag— a(t)v — ra()B(1)]dt (6.4)
4B(t) = [ka(t)B(t) — (K, + v)B(E))dE + oB()AB(2).



The drift and diffusion terms satisfy condition (i) of Theorem 1. In this case
define

Ve, B) = h(a) 4+ h(5) where, as before,  h(u) =u —1—1In(u). (6.5)

Then it is straightforward to see that for (o, 3) € R2, V(a, 3) satisfies condi-
tion (iii) of theorem 1 since,

LV (a, B) (Va0+2y+Kb+02/2) + kp

<
< K1+ V(a,9)).

Moreover, (6.5) also satisfies conditions (ii) and (iv) of Theorem 1. So in order
to prove convergence it is sufficient to show that for any («(0), 5(0)) € R% the
solution («(t), 3(t)) remains in R? for ¢ € [0,7] for all T > 0. To achieve this
we note that the limit, as r — oo, of

D(r) = {(a, 3) € R? such that V(a, 3) < 1},

is lim, o, D(r) = R%. Thus, applying Lemma 4 we find that for finite 7
t € 10,77 and (a(0),5(0)) € R2 the solution («(t), 5(t)) remains in B2 and is
unique. So, the Euler approximate solution will converge to the true solution
of (6.4) for any («(0),5(0)) € R% in the sense of theorem 1, provided At is
sufficiently small. Marion et al. (2000) employ the Euler scheme to study
auto-catalytic systems of the type considered here. The results of this paper
support this numerical approach.

7 Discussion

We have shown that under the conditions of Theorem 1 the Euler approximate
solutions will converge to the true solutions of (1.1) with large probability,
provided that the time step is sufficiently small. Furthermore, under the same
conditions Lemma 4 identifies an invariant set of the stochastic differential
equation (1.1) and shows that its solutions are unique up to any finite time.
However, there are a number of ways in which one might improve upon these
results. One possible extension would be to widen the applicability of theorem
1 to a non-autonomous system

dr(t) = f(a(t), )dt + g(z(t), )dB(2).

However, the key difficulty in applying Theorem 1 is in identifying a function
V' appropriate to a given system and this might become considerably easier
if less stringent conditions could be imposed on V. Finally, whilst we have



bounded the order of approximation achieved by the Euler scheme it would
also be very useful to obtain a more accurate estimate of the approximation
error. We hope to address these issues in subsequent work.
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